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Abstract: In this paper we propose a special class of 3-algebras, called double-symplectic
3-algebras. We further show that a consistent contraction of the double-symplectic 3-
algebra gives a new 3-algebra, called an N = 4 three-algebra, which is then identified
as the exact gauged three-algebra in the N = 4 quiver gauge theories. A systematic
construction is proposed for the 3-brackets and fundamental identities used in building up
the N = 4 theories, by starting with two superalgebras whose bosonic parts share at least
one simple factor or U(1) factor. This leads to a systematic way of constructing D = 3,
N = 4 quiver theories, of which several examples with new gauge groups are presented
in detail. The general N = 4 superconformal Chern-Simons matter theories in terms of
ordinary Lie algebras can be also re-derived in our new 3-algebra approach.
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1. Introduction
In recent years, the construction of extended supersymmetric (N ≥ 4) Chern-Simons-
matter (CSM) gauge theories has received much attention, because they are candidate
low-energy description of multiple M2-branes in M-theory [1]-[15]. There are essentially
two different approaches: (1) The three-algebra approach [1, 2, 8, 9, 11, 12, 14, 15], and
(2) The ordinary Lie algebra approach [3, 4, 5, 6, 7, 10].
Four years ago, a large class of N = 4 superconformal Chern-Simons-matter (CSM)
theories were constructed by Gaiotto and Witten (GW) [3], using a method that enhances
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an N = 1 supersymmetry to N = 4. They also proved that the gauge groups of the GW
theory can be classified in terms of classical supergroups. In Ref. [5], the GW theory was
generalized to an N = 4 quiver gauge theory by adding additional twisted hyper-multiplets;
and the original N = 8 theory [1, 2] was reformulated as generalized GW theory with SO(4)
gauge group. The N = 4 theory constructed by Hosomichi, Lee, Lee, Lee, and Park in
Ref. [5] will be called an N = 4 HLLLP theory. In Ref. [6], some examples of the N = 4
theories were derived by taking a conformal limit of D = 3 gauged supergravity theories.
The progress on the N ≥ 4 theories mentioned above was made by using mainly ordinary
Lie algebras.
The authors of the present paper have been able to develop the 3-algebra approach,
which was originally proposed [1, 8] for constructing theD = 3, N = 6, 8 CSM theories, into
a unifying approach [9, 11, 12, 15] that can be used to construct all known CSM theories
with extended supersymmetries N = 4, 5, 6, 8. Our approach is based on introducing a
symplectic form into the underlying 3-algebra, which we called a symplectic 3-algebra.
We observed that the superspace formulation of the general N = 4 CSM quiver gauge
theories in our paper [12] is associated with a special class of symlectic 3-algebras. In this
paper we present a general formulation of this class of symplectic algebras, and show that
its consistent contraction gives a new class of symplectic 3-algebras, which can be used to
construct the general N = 4 theories as well. We then construct some N = 4 theories
with new gauge groups and recover all known N = 4 theories by using superalgebras to
construct the 3-brackets and fundamental identities used in building up the N = 4 theories.
It is also demonstrated that the general N = 4 theories [5] in terms of Lie 2-algebras can
be rederived in our 3-algebra approach.
Generators of the 3-algebra in this class are a disjoint union of those of two symplectic
sub 3-algebras, whose generators are Ta and Ta′ (a = 1, · · · , 2R and a
′ = 1, · · · , 2S),
respectively. Hence we call it a double-symplectic 3-algebra. (Its contraction will give an
N = 4 three-algebra.) In this paper we allow the number of generators in the two sub
3-algebras to be unequal. The double-symplectic 3-algebra contains six independent 3-
brackets whose structure constants satisfy eight independent fundamental identities (FIs)
and possess certain symmetry property (see Section 2). The associated matter multiplets,
called the un-twisted and twisted multiplets, take values in the two symplectic sub 3-
algebras, i.e.
ΦA = Φ
a
ATa and ΦA˙ = Φ
a′
A˙
Ta′ , (1.1)
respectively, where A = 1, 2 and A˙ = 1, 2 are indices for fundamental representation of the
SU(2) × SU(2) R-symmetry group.
Then in accordance with the general rules presented in previous papers [1, 9], the
general N = 4 theories can be built up by (partially) gauging the symmetry associated
with the double-symplectic 3-algebra [12], if the structure constants satisfy certain reality
conditions and constraint equations. Specifically, we defined carefully the symmetry trans-
formations that were being gauged, so that after the symmetry transformations ΦA (Φ
′
A˙
)
still take value in the sub 3-algebra spanned by Ta (Ta′). Under this condition, in Ref. [12]
we used only structure constants from four 3-brackets out of six 3-brackets in constructing
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the N = 4 Lagrangian, and used only four FIs (see (2.15)) out of eight to demonstrate the
closure of the gauged symmetry transformations. In this paper we formalize the gauged
symmetry as generated by a new 3-algebra, called the N = 4 3-algebra, as a contraction of
the original double symplectic 3-algebra as follows: The N = 4 three-algebra has the the
same set of generators Ta and Ta′ , with the following four 3-brackets remaining unchanged:
[Ta, Tb;Tc] = fabc
dTd, [Ta′ , Tb′ ;Tc′ ] = fa′b′c′
d′Td′ , (1.2)
[Ta, Tb;Tc′ ] = fabc′
d′Td′ , [Ta′ , Tb′ ;Tc] = fa′b′c
dTd, (1.3)
and the four FIs (see (2.15)) remaining unchanged as well. But the structure constants
of the remaining two 3-brackets of the N = 4 three-algebra are set to zero; we call this
procedure as contraction of the starting double symplectic 3-algebra. The contraction turns
out to be consistent in the sense that the remanining four FIs are automatically satisfied
due to the vanishing structure constants. In this way, we identify the ad hoc symmetry that
was gauged in our previous construction [12] of N = 4 theories as a 3-algebra symmetry
generated by the resulting N = 4 3-algebra after the consistent contraction.
We briefly describe how to construct the four sets of 3-brackets (1.2) and (1.3) and
the four sets of FIs (2.15) in terms of two superalgebras. A sympelctic 3-algebra can be
realized in terms of a superalgebra [12]. It is natural to introduce two superalgebras to
realize the two symplectic sub 3-algebras. We first introduce a superalgebra G (see (4.3))
to realize one of the two sympelctic three-subalgebras:
Ta
.
= Qa, [Ta, Tb;Tc]
.
= [{Qa, Qb}, Qc]. (1.4)
where Qa are fermionic generators of G. We have identified the generators of the sub
3-algebra with the fermionic generators of G and constructed the 3-bracket in terms of a
double graded commutator on G. In this realization, one can formulate the fundamental
identity (FI) of the sub symplectic 3-algebra as the MuMvQe Jacobi identity of the super-
algebra G (Mu are the bosonic generators of G), and the constraint equation f(abc)d = 0
required for enhancing the N = 1 supersymmetry to N = 4 is equivalent to the QaQbQc
Jacobi identity, and the structure constants fabc
d satisfy the correct symmetry and reality
conditions as well. Similarly, we introduce another superalgebra G′ to realize another sub
symplectic 3-algebra:
Ta′
.
= Qa′ , [Ta′ , Tb′ ;Tc′ ]
.
= [{Qa′ , Qb′}, Qc′ ]. (1.5)
Finally, it is natural to construct the 3-brackets (1.3) in terms of double graded com-
mutators defined on the superalgebras G and G′, for instance,
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ]. (1.6)
In order that there are non-trivial interactions between the twisted and un-twisted multi-
plets, we must require that
[Ta, Tb;Tc′ ] 6= 0, [Ta′ , Tb′ ;Tc] 6= 0. (1.7)
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As we will prove, a sufficient condition for [{Qa, Qb}, Qc′ ] 6= 0 and [{Qa′ , Qb′}, Qc] 6= 0 is
that the bosonic parts of G and G′ share at least one simple factor or U(1) factor. Two
fundamental identities obeyed by the two structure constants of the two 3-brackets in (1.3)
(see the second and third equation of (2.15)), follow from the MuMvQe′ and Mu′Mv′Qe
Jacobi identities, respectively. Here Mu′ are bosonic generators of G
′. In this realization,
the Lie algebra of the gauge group of the N = 4 quiver theory is the bosonic subalgebras
of G and G′, and the corresponding matter representation is determined by the fermionic
generators Qa and Qb′ . For example, we may choose G = OSp(2|2N) and G
′ = U(M |1),
whose bosonic parts Sp(2N)×U(1) and U(1)×U(M) share a common factor SO(2) ∼= U(1).
Then the resulting gauge group is Sp(2N) × U(1) × U(M), and the un-twisted multiplet
is in the bi-fundamental representation of Sp(2N)×U(1), while the twisted multiplet is in
the bi-fundamental representation of U(1)×U(M). This example is one of our new N = 4
theories. Some new N = 4 theories may contain free parameters; we construct two infinite
classes of new theories of this kind in Sec. 5.3 and Sec. 5.4.
Since if we use superalgebras to construct the 3-algebras, the general N = 4 theories
in terms of 3-algebras are equivalent to the N = 4 HLLLP theories based on conventional
Lie 2-algebras, the N = 4 theories with new gauge groups (see Sec. 5 and 7) can be also
derived directly by taking advantage of the classification of gauge groups of the general
N = 4 HLLLP theories [5]. The essentially new things here are only the gauge groups,
which were not explicitly discussed in the literature. It is in this sense that we construct
new N = 4 theories.
The superalgebras G and G′, whose bosonic parts share at least a simple factor or a
U(1) factor, are interested in their own right. In a coming paper [13], we will propose a
procedure to “fuse” certain G and G′ into a single closed superalgebra.
This paper is organized as follows. In section 2, we introduce the double-symplectic
3-algebra and the N = 4 three-algebra, and review the N = 4 theories based on the 3-
algebras in section 3. In section 4, we construct the four sets of 3-brackets (1.2) and (1.3)
and the four sets of FIs (2.15) in terms of two superalgebras, (We also comment the rest
two 3-brackets and four FIs which do not play roles in constructing the N = 4 theory.)
and the subsequent section 5 is devoted to present the construction of a number of new
classes of N = 4 theories. In section 6, the general N = 4 CSM theories in terms of
ordinary Lie algebras are derived from their 3-algebra counterpart. In section 7, we recover
all known examples of N = 4 theories, and produce more new examples. We end in section
8 with conclusions and discussions. We summarize our conventions in Appendix A. The
commutation relations of some superalgebras used to construct symplectic sub 3-algebras
are given in Appendix B.
2. Double-Symplectic 3-Algebra and N = 4 Three-Algebra
In this section, we introduce the two classes of 3-algebras mentioned in Section 1. Both of
them can be used to construct the general N = 4 quiver gauge theory. We first introduce
the double-symplectic 3-algebra whose generators are the disjoint union of those of two
sympelectic sub 3-algebras. We then introduce the N = 4 three-algebra as a consistent
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contraction of the double-symplectic 3-algebra. The self-consistency of the N = 4 three-
algebras is revealed explicitly.
We denote the generators of the two sub 3-algebra as Ta and Ta′ , respectively, where
a = 1, · · · , 2R and a′ = 1, · · · , 2S. To define two symplectic sub 3-algebras, one must
introduce two invariant anti-symmetric tensors
ωab = ω(Ta, Tb) and ωa′b′ = ω(Ta′ , Tb′) (2.1)
into the two sub 3-algebras, respectively. We denote their inverses as ωbc and ωb
′c′ , satis-
fying ωabω
bc = δca and ωa′b′ω
b′c′ = δc
′
a′ . ω
bc and ωb
′c′ are required to be invariant under the
transformations (2.18) and (2.19), respectively. The antisymmetric tensors ω will be used
to lower or raise the indices. Also, we require that the unprimed and primed generators to
be symplectic orthogonal, in the sense that
ω(Ta, Tb′) = ω(Tb′ , Ta) = 0. (2.2)
Since Ta and Ta′ form a complete basis, the general 3-bracket on this 3-algebra can be
defined as
[TI , TJ ;TK ] = fIJK
dTd + fIJK
d′Td′ (2.3)
≡ gIJK
LTL,
where TI , TJ and TK are arbitrary three generators selected from the 3-algebra; each of
them can be a primed or an unprimed generator, for instance,
TI = (Ta or Ta′). (2.4)
The basic property of the 3-bracket of symplectic 3-algebra is that it is invariant if we
switch the first two generators [11], i.e.
[TI , TJ ;TK ] = [TJ , TI ;TK ]. (2.5)
And we assume that the structure constants satisfy the symmetry condition
ω([TI , TJ ;TK ], TL) = ω([TK , TL;TI ], TJ ). (2.6)
The generators are required to satisfy the fundamental identity:
[TI , TJ ; [TM , TN ;TK ]] = [[TI , TJ ;TM ], TN ;TK ]+[TM , [TI , TJ ;TN ];TK ]+[TM , TN ; [TI , TJ ;TK ]].
(2.7)
The FI plays an analogous role as the Jacobi identity of an ordinary Lie algebra. Substi-
tuting (2.3) into (2.7), we obtain the FI satisfied by the structure constants:
gMNK
OgIJO
L = gIJM
OgONK
L + gIJN
OgMOK
L + gIJK
OgMNO
L. (2.8)
We call the 3-algebra defined by Eqs. (2.1), (2.2), (2.3), (2.5), (2.6) and (2.7) a double-
symplectic 3-algebra.
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Taking account of (2.4) and (2.5), we see that Eq. (2.3) represents six independent
3-brackets. Since the two sets of generators Ta and Ta′ span the two sub 3-algebras respec-
tively, the 3-bracket of three unprimed (primed) generators must be a linear combination
of unprimed (primed) generators, i.e.
[Ta, Tb;Tc] = fabc
dTd and [Ta′ , Tb′ ;Tc′ ] = fa′b′c′
d′Td′ . (2.9)
Comparing (2.9) with the general definition of 3-bracket (2.3), we notice that
fabc
d′ = fa′b′c′
d = 0. (2.10)
For the rest four 3-brackets, every one contains one primed (unprimed) generator and two
unprimed (primed) generators. However, taking account of (2.2), (2.5), (2.6) and (2.10),
we find that the four structure constants carrying three unprimed (primed) indices and one
primed (umprimed) vanish, i.e.
fabc′
d = fa′b′c
d′ = fab′c
d = fba′c′
d′ = 0. (2.11)
So these four 3-brackets are given by
[Ta, Tb;Tc′ ] = fabc′
d′Td′ , [Ta′ , Tb′ ;Tc] = fa′b′c
dTd, (2.12)
[Ta, Tb′ ;Tc] = fab′c
d′Td′ , [Ta′ , Tb;Tc′ ] = fba′c′
dTd. (2.13)
Eqs (2.10), (2.11) and (2.6) imply that
fIJKL = fKLIJ , (2.14)
where fabcd = ωdefabc
e and fabc′d′ = ωd′e′fabc
e′ .
Taking account of (2.5) and (2.6), Eq. (2.8) is decomposed into eight independent FIs.
The four subsets of FIs which do not involve fab′cd′ are given by
fabe
gfgfcd + fabf
gfegcd − fefd
gfabcg − fefc
gfabdg = 0,
fabe
gfgfc′d′ + fabf
gfegc′d′ − fefd′
g′fabc′g′ − fefc′
g′fabd′g′ = 0, (2.15)
fa′b′e
gfgfc′d′ + fa′b′f
gfegc′d′ − fefd′
g′fa′b′c′g′ − fefc′
g′fa′b′d′g′ = 0,
fa′b′e′
g′fg′f ′c′d′ + fa′b′f ′
g′fe′g′c′d′ − fe′f ′d′
g′fa′b′c′g′ − fe′f ′c′
g′fa′b′d′g′ = 0.
The other four subsets of FIs involving fab′cd′ are given by
fac′b
d′fefd′g′ = fefa
dfdc′bg′ + fefc′
d′fad′bg′ + fefb
dfac′dg′ ,
fac′b
d′fef ′gd′ = fef ′a
d′fd′c′bg + fef ′
d
c′fadbg + fef ′b
d′fac′gd′ , (2.16)
fac′b
d′fe′f ′d′g′ = fe′f ′a
dfdc′bg′ + fe′f ′c′
d′fad′bg′ + fe′f ′b
dfac′dg′ ,
fac′
d
g′fef ′db′ = fef ′a
d′fd′c′g′b′ + fef ′
d
c′fadg′b′ + fef ′
d
g′fac′db′ .
In the previous construction of the N = 4 theories [12], we assumed that the variation
of a 3-algebra valued superfield Φ takes the form
δΛ˜Φ = Λ
ab[Ta, Tb; Φ] + Λ
a′b′ [Ta′ , Tb′ ; Φ], (2.17)
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where Φ can be either an untwisted superfield Φ = ΦaATa or a twisted superfield Φ = Φ
a′
A˙
Ta′ .
The infinitesimal parameters Λab and Λa
′b′ are independent of superspace coordinates. In
terms of components, Eq. (2.17) can be written as
δΛ˜Φ
d
A = Λ
abfabc
dΦcA + Λ
a′b′fa′b′c
dΦcA, (2.18)
δΛ˜Φ
d′
A˙
= Λabfabc′
d′Φc
′
A + Λ
a′b′fa′b′c′
d′Φc
′
A˙
. (2.19)
We also assumed that the action is invariant under the symmetry transformation (2.17);
and the symmetry will be gauged later [12].
Eq. (2.17) is obviously not the most general possibility, since one may add another
term like
Λab
′
[Ta, Tb′ ; Φ] ≡ δΛ˜3Φ (2.20)
to the right hand side of (2.17). However, substituting Φ = ΦaATa into (2.20) and using the
first equation of (2.13), we obtain
Λab
′
[Ta, Tb′ ; Φ
c
ATc] = Λ
ab′fab′c
d′Td′Φ
c
A. (2.21)
The right hand side indicates that δΛ˜3ΦA does not take value in the sub 3-algebra spanned
by the unprimed generators anymore, i.e. δΛ˜3ΦA 6= (δΛ˜3Φ)
c
ATc, which conflicts with our
basic assumption that ΦA = Φ
a
ATa. We therefore must exclude this term by setting either
Λab
′
= 0 or fab′c
d′ = 0.
• If we set Λab
′
= 0, we will gauge the symmetry defined by the symmetry transforma-
tion (2.17), which is only part of the full symmetry generated by the double-symplectic
3-algebra.
• If we set fab′c
d′ = 0, using (2.6) and (2.5), we obtain fab′d′
c = 0, implying that
δΛ˜3ΦA˙ = 0. The new 3-algebra, obtained from the double-symplectic 3-algebra by
setting fab′c
d′ = fba′d′
c = 0 while keeping the rest structure constants unchanged, will
be called an N = 4 three-algebra. It is in this sense that we obtain the N = 4 three-
algebra from the double-symplectic 3-algebra by a contraction. This contraction is
consistent, since by setting fab′c
d′ = fba′d′
c = 0, the other four subsets of FIs (2.16)
are automatically satisfied. The only difference between these two 3-algebras is that
in the N = 4 three algebra, fab′c
d′ and fba′d′
c strictly vanish, while in the double-
symplectic 3-algebra, generally speaking, they do not vanish.
Having defined the symmetry transformations (2.17) and (2.20), we now want to exam-
ine the invariance of ωab and ωa′b′ under these transformations. Since Ta form a complete
basis of the symplectic sub 3-algebra, the antisymmetric tensor ωcd must be invariant under
the transformation:
δΛ˜1ωcd = Λ
ab(fabc
eωed + fabd
eωce) = 0, (2.22)
In order that ωcd is also invariant under the transformation (2.18), one must require that
δΛ˜2ωcd = Λ
a′b′(fa′b′c
eωed + fa′b′d
eωce) = 0. (2.23)
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Eqs (2.22) and (2.23) are equivalent to fabcd = fabdc and fa′b′cd = fa′b′dc, respectively.
Similarly, we obtain fa′b′c′d′ = fa′b′d′c′ and fabc′d′ = fabd′c′ by requiring the transformations
to preserve ωc′d′ . These equations are consistent with Eq. (2.6). In the case of the double
symplectic 3-algebra, using (2.2), it is not difficult to prove that
δΛ˜3ωcd = δΛ˜3ωc′d′ = 0, (2.24)
where δΛ˜3 is defined by Eq. (2.20). Eqs. (2.22) ∼ (2.24) indicate that ωcd (ωc′d′) is not
only an invariant tensor on the umprimed (primed) sub 3-algebra, but also an invariant
tensor on the double-symplectic 3-algebra. In the case of the N = 4 three-algebra, Eqs.
(2.24) are satisfied automatically due to the fact that fab′c
d′ and fba′d′
c strictly vanish.
By substituting Φ = ΦaATa and Φ = Φ
a′
A˙
Ta′ into (2.17), respectively, we see that the
symmetry transformations involve only the four subsets of structure constants 1:
fabc
d, fa′b′c′
d′ , fabc′
d′ and fa′b′c
d. (2.25)
Therefore, only four subsets of structure constants appear in the action and the supersym-
metry transformations (see (3.4) and (3.5)) [12]. In summary, these structure constants
enjoy the symmetry properties (see (2.5) and (2.6))
fabcd = fbacd = fbadc = fcdab,
fabc′d′ = fbac′d′ = fbad′c′ = fc′d′ab, (2.26)
fa′b′c′d′ = fb′a′c′d′ = fb′a′d′c′ = fc′d′a′b′ ,
and satisfy the reality conditions [12]
f∗ab
c
d = f
b
a
d
c, f
∗a′
b′
c
d = f
b′
a′
d
c, f
∗a′
b′
c′
d′ = f
b′
a′
d′
c′ , (2.27)
for guaranteeing the positivity of the theory. In addition, in order to close the N = 4 super
Poincare algebra, we need to impose the linear constraints on fabcd and fa′b′c′d′
f(abc)d = 0 and f(a′b′c′)d′ = 0. (2.28)
Since we use the structure constants (2.25) to construct the N = 4 theory, they must
be invariant under the symmetry transformation (2.17), i.e.
δΛ˜fabcd = δΛ˜fabc′d′ = δΛ˜fa′b′c′d′ = 0, (2.29)
A short calculation shows that the four subsets of FIs (2.15) are equivalent to Eqs. (2.29).
In particular, Eqs. (2.29) do not involve the other four subsets of FIs (2.16) at all.
Thus, to construct the N = 4 gauge theory, we only need the four subsets of 3-brackets
(2.9) and (2.12), together with the four subsets of FIs (2.15) associated with them. In other
words, we need only to gauge the symmetry generated by four sets of 3-brackets (2.9) and
(2.12) and the four sets of FIs (2.15). Later we will have chance to comment on the two
other subsets of 3-brackets (2.13) which do not appear in the action and supersymmetry
transformations, and the involved four sets of FIs (2.16). (See the last paragraph of Section
4).
1Because of the symmetry condition fabc′d′ = fc′d′ab (see (2.26)), there are only three independent
subsets of structure constants.
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3. Construction of N = 4 Theories Based on 3-Algebras
In this section, we will present the N = 4 theories constructed by gauging part of symmetry
generated by the double-symplectic 3-algebra, or from another point of view, constructed in
terms of the N = 4 three-algebras following the procedure proposed in [12]. The un-twisted
multiplets (ZaA, ψ
a
A˙
), valued in the sub 3-algebra, satisfy the reality conditions
Z¯Aa = ωabǫ
ABZbB , ψ¯
A˙
a = ωabǫ
A˙B˙Zb
B˙
, (3.1)
where A, A˙ = 1, 2 transform in the two-dimensional representation of the SU(2) × SU(2)
R-symmetry group. And the twisted multiplets (Za
′
A˙
, ψa
′
A ) satisfy similar reality conditions.
The gauge fields and the covariant derivatives are defined as
DµZ
A
d = ∂µZ
A
d − A˜µ
c
dZ
A
c , A˜µ
c
d = A
ab
µ fab
c
d +A
a′b′
µ fa′b′
c
d, (3.2)
DµZ
A˙
d′ = ∂µZ
A˙
d′ − A˜µ
c′
d′Z
A˙
c′ , A˜µ
c′
d′ = A
a′b′
µ fa′b′
c′
d′ +A
ab
µ fab
c′
d′ .
Here Aabµ and A
a′b′
µ are independent Hermitian tensors. In this way, we have gauged the
symmetry associated with the transformation (2.17), i.e. the symmetry generated by the
four subsets of 3-brackets (2.9) and (2.12) and the four subsets of FIs (2.15). The FIs (2.15)
can be also derived by requiring that all structure constants are gauge invariant quantities,
i.e.
Dµfabcd = Dµfabc′d′ = Dµfa′b′c′d′ = 0. (3.3)
The N = 4 Lagrangian, derived from a superspace approach, is given by
L =
1
2
(−DµZ¯
A
a D
µZaA −DµZ¯
A˙
a′D
µZa
′
A˙
+ iψ¯A˙a γ
µDµψ
a
A˙
+ iψ¯Aa′γ
µDµψ
a′
A )
−
i
2
(facbdZ
a
AZ
Abψc
B˙
ψB˙d + fa′c′b′d′Z
a′
A˙
ZA˙b
′
ψc
′
Bψ
Bd′)
+
i
2
fabc′d′(Z
a
AZ
b
Bψ
Ac′ψBd
′
+ Zc
′
A˙
Zd
′
B˙
ψA˙aψB˙b + 4ZaAZ
B˙d′ψb
B˙
ψAc
′
)
+
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
2
ǫµνλ(fa′b′c′d′A
a′b′
µ ∂νA
c′d′
λ +
2
3
fa′b′c′
g′fg′d′e′f ′A
a′b′
µ A
c′d′
ν A
e′f ′
λ )
+ǫµνλ(fabc′d′A
ab
µ ∂νA
c′d′
λ + fabc
gfgde′f ′A
ab
µ A
cd
ν A
e′f ′
λ + fabc′
g′fg′d′e′f ′A
ab
µ A
c′d′
ν A
e′f ′
λ )
+
1
12
(fabcgf
g
defZ
AaZbBZ
B(cZ
d)
C Z
CeZfA + fa′b′c′g′f
g′
d′e′f ′Z
A˙a′Zb
′
B˙
ZB˙(c
′
Z
d′)
C˙
ZC˙e
′
Zf
′
A˙
)
−
1
4
(fabc′g′f
g′
d′efZ
A˙c′Zd
′
A˙
ZbDZ
DfZaCZ
Ce + fa′b′cgf
g
de′f ′Z
AcZdAZ
b′
D˙
ZD˙f
′
Za
′
C˙
ZC˙e
′
).
(3.4)
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And the N = 4 supersymmetry transformations are
δZaA = iǫA
A˙ψa
A˙
,
δZa
′
A˙
= iǫ†
A˙
Aψa
′
A ,
δψa
′
A = −γ
µDµZ
a′
B˙
ǫA
B˙ −
1
3
fa
′
b′c′d′Z
b′
B˙
ZB˙c
′
Zd
′
C˙
ǫA
C˙ + fa
′
b′cdZ
b′
A˙
ZBcZdAǫB
A˙,
δψa
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
fabcdZ
b
BZ
BcZdCǫ
†
A˙
C + fabc′d′Z
b
AZ
B˙c′Zd
′
A˙
ǫ†
B˙
A,
δA˜µ
c
d = iǫ
AB˙γµψ
b
B˙
ZaAfab
c
d + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c
d,
δA˜µ
c′
d′ = iǫ
AB˙γµψ
b
B˙
ZaAfab
c′
d′ + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c′
d′ . (3.5)
ǫA
B˙ satisfies the reality condition
ǫ†A˙
B = −ǫBCǫA˙B˙ǫC
B˙ . (3.6)
We have explicitly verified the closure of the above N = 4 superalgebra [12].
If the twisted and untwisted multiplets take values in the same symplectic 3-algebra,
for instance, ΦA = Φ
a
ATa and ΦA˙ = Φ
a
A˙
Ta, the N = 4 supersymmetry can be promoted to
N = 5 (see section 6).
4. Superalgebra Realization
In this section, we will first demonstrate how to use two superalgebras to construct the four
sets of 3-brackets (2.9) and (2.12) and the four sets of FIs (2.15); we will then comment on
the two other 3-brackets (2.13) and the related four sets of FIs (2.16), though we do not
really need (2.13) and (2.16) in constructing the theories.
Let us first briefly review the superalgebra construction of the symplectic 3-algebra in
the N = 5 theory [12]. In the N = 5 case, we have used the following superalgebra
[Mm,Mn] = CmnsM
s, [Mm, QR] = −τ
m
RSω
STQT , {QR, QS} = τ
m
RSkmnM
n, (4.1)
to realize the symplectic 3-algebra. Here R = 1, · · · , 2L, and ωST = −ωTS and kmn are
invariant quadratic forms on the superalgebra. The key idea of the superalgebra realization
of 3-algebra is to identify the 3-algebra generators TR with the fermionic generators QR, and
to construct the 3-brackets in terms of double graded commutators on the superalgebra,
i.e.,
TR
.
= QR, [TR, TS ;TT ]
.
= [{QR, QS}, QT ]. (4.2)
In this realization, the FI of the 3-algebra can be converted into the MMQ Jacobi identity
of the superalgebra, and the constraint equation f(RST )U = 0 for enhancing the N = 1
supersymmetry to N = 5 is equivalent to the QQQ Jacobi identity of the superalgebra. The
resulting Lie algebra of the gauge group is just the bosonic subalgebra of the superalgebra
(4.1), and the corresponding representation is determined by the fermionic generators.
As for the N = 4 case, since both the double-symplectic 3-algebra and the N = 4
three algebra contain two sub symplectic 3-algebras taking the same form as the sympletic
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3-algebra in N = 5 theory, it is natural to introduce two superalgebras G and G′, taking
the same form as (4.1), to construct the two sub symplectic 3-algebras, respectively. Hence
the superalgebras G and G′ are given by
[Mu,Mv ] = fuvwM
w, [Mu, Qa] = −τ
u
abω
bcQc, {Qa, Qb} = τ
u
abkuvM
v, (4.3)
and
[Mu
′
,Mv
′
] = fu
′v′
w′M
w′ , [Mu
′
, Qa′ ] = −τ
u′
a′b′ω
b′c′Qc′ , {Qa′ , Qb′} = τ
u′
a′b′ku′v′M
v′ ,
(4.4)
respectively. Here a = 1, · · · , 2R and a′ = 1, · · · , 2S; ωab and ωa
′b′ are invariant anti-
symmetric tensors whose inverses are denoted as ωbc and ωb′c′ , satisfying ω
abωbc = δ
a
c and
ωa
′b′ωb′c′ = δ
a′
c′ ; kuv and ku′v′ are invariant symmetric forms whose inverses are denoted as
kvw and kv′w′ , satisfying kuvk
vw = δwu and ku′v′k
v′w′ = δw
′
u′ . More explicitly, these bilinear
forms are defined as [21]
ωab = κ(Qa, Qb), ωa′b′ = κ(Qa′ , Qb′), k
uv = −κ(Mu,Mv), ku
′v′ = −κ(Mu
′
,Mv
′
),
(4.5)
which are invariant [3, 21] in the sense that
κ([A,B}, C) = κ(A, [B,C}), κ([A′, B′}, C ′) = κ(A′, [B′, C ′}), (4.6)
where A = Qa or M
u, and A′ = Qa′ or M
u′ . For example,
κ({Qa, Qb},M
v) = κ(Qa, [Qb,M
v]), κ([Mu,Mv ],Mw) = κ(Mu, [Mv ,Mw]). (4.7)
(The minus sign on the RHS of the third equation of (4.5) is determined by the first
equation of (4.7) and the convention that τvab = ωacτ
vc
b.)
In analogue to (4.2), we construct the 3-brackets in (2.9) as follows
Ta
.
= Qa, [Ta, Tb;Tc]
.
= [{Qa, Qb}, Qc] = fabc
dQd, (4.8)
Ta′
.
= Qa′ , [Ta′ , Tb′ ;Tc′ ]
.
= [{Qa′ , Qb′}, Qc′ ] = fa′b′c′
d′Qd′ .
We note immediately that
fabc
d′ = fa′b′c′
d = 0, (4.9)
i.e. Eqs (2.10) are indeed satisfied.
As we introduced in Section 1, it is natural to construct the two 3-brackets (2.12) in
terms of the two double graded commutators on G and G′:
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ], [Ta′ , Tb′ ;Tc]
.
= [{Qa′ , Qb′}, Qc]. (4.10)
They must satisfy two crucial conditions. First, there is a physical requirement : To guaran-
tee non-trivial interactions between the twisted and untwisted multiplets, we must require
that
fabc′
d′ 6= 0, fa′b′c
d 6= 0. (4.11)
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Secondly, we require that
fabc′
d = fa′b′c
d′ = 0. (4.12)
(See Eqs. (2.11).) We will demonstrate that the above two conditions can be satisfied
simultaneously by imposing certain conditions on the bosonic parts of G and G′; then we
will be able to prove Eqs. (2.2):
ω(Ta, Tb′)
.
= κ(Qa, Qb′) = 0, ω(Tb′ , Ta)
.
= κ(Qb′ , Qa) = 0. (4.13)
Let us first examine [{Qa, Qb}, Qc′ ]. Using (4.3), a short computation gives
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ] = kuvτ
u
ab[M
v, Qc′ ]. (4.14)
So requiring that fabc′
d′ 6= 0 and fabc′
d = 0 is equivalent to requiring that
[Mv , Qc′ ] = τ
vd′
c′Qd′ (4.15)
with τvd
′
c′ 6= 0, which means that the set of fermionic generators Qc′ furnish a nontrivial
representation of Mv.
It is sufficient for that τvd
′
c′ 6= 0 if the Lie algebra spanned by M
v share at least one
simple factor or U(1) factor with the Lie algebra spanned byMv
′
. To prove this statement,
we denote the generators of the common bosonic part as Mg, i.e. schematically,
Mg =Mv ∩Mv
′
. (4.16)
(It is also allowed that Mg ⊂ Mv, M˜g ⊂ Mv
′
and M˜g = T ghM
h with T gh an invertible
complex matrix (see Section 5.2 for an example).) Decompose Mv and Mv
′
as
Mv = (Mα,Mg), Mv
′
= (Mα
′
,Mg), (4.17)
where [Mα,Mg] = [Mα
′
,Mg] = [Mα,Mα
′
] = 0. (Here α is not an index of spacetime
spinor.) And we assume that at least one of the two commutators [Mα, Qa] and [M
α′ , Qa′ ]
does not vanish, i.e. we exclude the possibility that
[Mα, Qa] = [M
α′ , Qa′ ] = 0. (4.18)
We can further sharpen Eqs. (4.16) and (4.17) by requiring that
[Mα
′
, Qa] = 0, [M
α, Qa′ ] = 0. (4.19)
Now we assume that the superalgebra G′ is simple2. If [Mg, Qc′ ] = 0, then the Lie
algebra defined by Mg must be an invariant subalgebra of the superalgebra G′, which
2The definition of a simple superalgebra is analogous to that of a simple Lie algebra: A simple super-
algebra is a superalgebra without any invariant proper sub-superalgebras. A sub-superalgebra I is called
invariant if the commutator or anti-commutator of any generator of the whole superalgebra S with any
generator of the sub-superalgebra is still in I, i.e., [X, Y } ⊂ I, (X ⊂ S , Y ⊂ I).
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contradicts our assumption that G′ is a simple superalgebra. We therefore must always
have
[Mv, Qc′ ] = [M
g, Qc′ ] = τ
gd′
c′Qd′ , τ
gd′
c′ 6= 0. (4.20)
If G′ is not simple, the right hand side of Eq. (4.15) still does not vanish, provided that
the common part Mg is not the center of G′.
Similarly, we can demonstrate that the second equation of (4.11) and the second equa-
tion of (4.12) are obeyed under the same conditions imposed on G and G′. Now Eqs. (4.10)
become
[Ta, Tb;Tc′ ]
.
= [{Qa, Qb}, Qc′ ] = fabc′
d′Qd′ ,
[Ta′ , Tb′ ;Tc]
.
= [{Qa′ , Qb′}, Qc] = fa′b′c
dQd. (4.21)
We see that the conditions (4.11) and (4.12) are satisfied.
We now want to prove that Eqs. (4.13) are also satisfied. Consider the following
equation
κ([{Qa, Qb}, Qc], Qd′) = κ([{Qa, Qb}, Qd′ ], Qc). (4.22)
A short computation gives
kuvτ
u
ab(τ
v)dcωdd′ = (kαβτ
α
abτ
βd
c + kghτ
g
ab(τ
h)dc)ωdd′ = kghτ
g
ab(τ
h)c
′
d′ωc′c, (4.23)
where ωdd′ = κ(Qd, Qd′). We have decomposed kuv into kuv = (kαβ , kgh); in the most right
hand-side, we have used the second equation of (4.19). Raising the index c, the above
equation can be written as
kuvτ
u
ab(τ
v)cdω
d
d′ = (kαβτ
α
abτ
βc
d + kghτ
g
ab(τ
h)cd)ω
d
d′ = ω
c
c′(kghτ
g
ab(τ
h)c
′
d′), (4.24)
where ωdd′ = ω
deωed′ .
Recall that we exclude the possibility that the two commutators [Mα, Qa] and [M
α′ , Qa′ ]
vanish identically (see Eqs (4.18)). Without loss generality, we assume that [Mα, Qc] =
(τα)dcQd 6= 0. In other words, (τ
α)dc 6= 0, i.e. it is a nontrivial (and irreducible) rep-
resentation of Mα furnished by the fermionic generators Qd. However, the right hand
side of (4.23) indicates that Qd′ furnish a trivial representation of M
α in the sense that
(τα)c
′
d′ = 0. In summary, kuvτ
u
ab(τ
v)dc and kghτ
g
ab(τ
h)c
′
d′ are nonequivalent and irreducible
representations3 of {Qa, Qb} furnished by Qc and Qd′ , respectively. Apply Schur’s Lemma
to equation (4.24), we have immediately ωdd′ = 0. Hence ωdd′ = 0 on account of that ω
de
is nonsingular. So Eqs. (4.13) are satisfied.
3Generally speaking, the set of generators Qc = Qk¯kˆ furnish a bi-fundamental representation of the
anticommutator {Qa, Qb} = (τα)abM
α + (τg)abM
g, in the sense that [{Qa, Qb}, Qc] = (τα)ab(M
α)lˆ kˆQk¯lˆ +
(τg)ab(M
g)l¯ k¯Ql¯kˆ. Here k¯ and kˆ are fundamental indices of M
g andMα, respectively. The two Lie algebras,
spanned by Mα and Mg respectively, are distinct and have nothing in common; the fundamental indices k¯
and kˆ are distinct as well. So this bi-fundamental representation is irreducible. On the other hand, since
[Mα, Qd′ ] = 0, Qd′ only furnish an irreducible representation of (τg)abM
g. (See section 5 and section 7 for
many examples.)
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Substituting (4.15) into the first equation of (4.10) gives the structure constants
fabc′d′ = kghτ
g
abτ
h
c′d′ , (4.25)
Using (4.3) and (4.4), a short calculation gives the structure constants of 3-brackets in (4.8)
fabcd = kuvτ
u
abτ
v
cd, fa′b′c′d′ = ku′v′τ
u′
a′b′τ
v′
c′d′ . (4.26)
The structure constants (4.25) and (4.26) possess the desired reality and symmetry prop-
erties. The QaQbQc (Qa′Qb′Qc′) Jacobi identity implies that f(abc)d = 0 (f(a′b′c′)d′ = 0)
guaranteeing that the supersymmetry can be enhanced from N = 1 to N = 4.
The four sets of FIs in (2.15) are equivalent to the MuMvQa, M
uMvQa′ , M
u′Mv
′
Qa
and Mu
′
Mv
′
Qa′ Jacobi identities, respectively. For instance, by using Eqs. (4.8) and
(4.21), it is not difficult to prove that the following equation (as one of equations (2.7))
[{Qa, Qb}, [{Qc, Qd}, Qa′ ]] = [{[{Qa, Qb}, Qc], Qd}, Qa′ ] + [{Qc, [{Qa, Qb}, Qd]}, Qa′ ]
+[{Qc, Qd}, [{Qa, Qb}, Qa′ ]] (4.27)
is equivalent to the second FI of (2.15). On the other hand, using the superalgebras (4.3)
and (4.4), one can easily convert the above equation into the MuMvQa′ Jacobi identity
τuabτ
v
cd([Mv , [Mu, Qa′ ]]− [Mu, [Mv , Qa′ ]] + [[Mu,Mv ], Qa′ ]) = 0, (4.28)
where we have used the equation
kuwkvxf
xw
y + kuwkyxf
xw
v = 0, (4.29)
which is equivalent to the second equation of (4.7) on account of that kuv is invertible.
Therefore the second FI of (2.15) is equivalent to the MuMvQa′ Jacobi identity. Using
Eqs. (4.16) and (4.17), Eq. (4.28) becomes
τ gabτ
h
cd([Mh, [Mg, Qa′ ]]− [Mg, [Mh, Qa′ ]] + [[Mg,Mh], Qa′ ]) = 0, (4.30)
which is of course obeyed, since the Mu
′
Mv
′
Qa′ Jacobi identity is obeyed and M
g ⊆Mu
′
.
In this realization, the un-twisted and twisted multiplets take values in the bosonic
subalgebras of the superalgebras (4.3) and (4.4), respectively; and the representations of
the bosonic parts (4.3) and (4.4) are determined by the fermionic generators Qa and Qa′ ,
respectively.
Here we have to emphasize that so far we have constructed only the four structure
constants of the 3-brackets (2.9) and (2.12) in terms of tensor products (4.26) and (4.25)
on the superalgebras G and G′, respectively, and solved the four sets of FIs (2.15) of the
double-symplectic 3-algebra in terms of certain Jacobi identities of the superalgebras G
and G′. These constructions are sufficient for the purpose of classifying the gauge groups
of the N = 4 theory (see Section (7)).
We now would like to comment on the rest two 3-brackets (2.13) and the rest four
FIs (2.16), though they do not play any role in constructing the theories. In the case of
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double-symplectic 3-algebra, we will demonstrate that at least in the special case of that
G and G′ can be ‘fused’ into a single closed superalgebra (the fusion procedure will be
introduced in a separated paper [13]), Eqs. (2.13) and (2.16) can be constructed in terms
of superalgebras as well.
In the case of double-symplectic 3-algebra, under the condition that G and G′ can be
‘fused’ into a closed superalgebra, the rest two 3-brackets Eqs. (2.13) can be constructed
in analogue to Eqs. (4.8) and (4.10), i.e.
[Ta, Tb′ ;Tc]
.
= [{Qa, Qb′}, Qc], [Ta′ , Tb;Tc′ ]
.
= [{Qa′ , Qb}, Qc′ ], (4.31)
where we have use the fact that the disjoint union of the two sets generators Qa and Qa′
form a complete fermionic basis of the “fused” superalgebra [13]. In summary, we have
TI
.
= QI , [TI , TJ ;TK ]
.
= [{QI , QJ}, QK ], (4.32)
where the index I = a or a′. Using the first equation of Eq. (4.7), it is easy to prove that
κ([{Qa, Qb}, Qc], Qd) = κ({Qa, Qb}, {Qc, Qd}). (4.33)
Generally speaking, the following equations
κ([{QI , QJ}, QK ], QL) = κ({QK , QL}, {QI , QJ}) = κ([{QK , QL}, QI ], QJ) (4.34)
hold. The above equations imply that (2.6) is obeyed by the construction
ω([TI , TJ ;TK ], TL)
.
= κ([{QI , QJ}, QK ], QL). (4.35)
Using (4.9), (4.34) and (4.13), we obtain fab′c
d = fa′bc′
d′ = 0. In summary, we have
fab′c
d = fa′bc′
d′ = fabc′
d = fa′b′c
d′ = fabc
d′ = fa′b′c′
d = 0, (4.36)
which are nothing but Eqs. (2.11) and (2.10). Combing (4.34), (4.35) and (4.36), one can
prove that (2.14) is also satisfied. The first two equations of Eqs. (4.36), i.e. fab′c
d =
fa′bc′
d′ = 0, imply that the two structure constants associated with the brackets (4.31) are
given by
[Ta, Tb′ ;Tc]
.
= [{Qa, Qb′}, Qc] = fab′c
d′Qd′ ,
[Ta′ , Tb;Tc′ ]
.
= [{Qa′ , Qb}, Qc′ ] = fa′bc′
dQd. (4.37)
Define the anticommutator of Qa and Qb′ as
{Qa, Qb′} = t
u˜
ab′Mu˜, (4.38)
whereMu˜ are a set of bosonic generators. We have to emphasis that we have not introduced
any new generators into the “fused” superalgebra except M u˜ [13]. So the generators of the
“fused” superalgebra are consisted of by the generators of G and G′, as well as Mu˜. Every
Jacobi identity of the “fused” superalgebra is obeyed. In particular, the Jacobi identities
[{Qa, Qb′}, Qc] + [{Qa, Qc}, Qb′ ] + [{Qc, Qb′}, Qa] = 0, (4.39)
[{Qa′ , Qb}, Qc′ ] + [{Qa′ , Qc′}, Qb] + [{Qc′ , Qb}, Qa′ ] = 0 (4.40)
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are satisfied. In other words, we have the identity
fab′cd′ + fcb′ad′ + facb′d′ = 0 or τ
u˜
ab′(τu˜)cd′ + τ
u˜
cb′(τu˜)ad′ + τ
g
ac(τg)b′d′ = 0, (4.41)
which follows from (4.38) via (4.39) or (4.40). Therefore these structure constants (or the
corresponding 3-brackets) are not independent in this special case.
Also, under the condition that G and G′ can be ‘fused’ into a single closed superalgebra,
it is not difficult to prove that the four FIs (2.16) involving fab′cd′ can be converted into
certain Jacobi identities of the “fused” superalgebra. These Jacobi identities involve the
bosonic generators Mu˜ defined in Eq. (4.38). In this way, the whole double-symplectic 3-
algebra can be realized in terms of “fused” superalgebras; however, we are not sure whether
it can be realized in terms of G and G′ or not, if G and G′ cannot be ‘fused’ into a single
closed superalgebra. We therefore leave it as an open question.
In the case of N = 4 three-algebra, the two structure constants fab′c
d′ and fab′c′
d,
vanishing identically, cannot be constructed in terms of the tensor products on the super-
algebras G and G′, since the double graded commutators [{Qa, Qb′}, Qc] = fab′c
d′Qd′ and
[{Qa, Qb′}, Qc′ ] = fab′c′
dQd do not vanish. For example, if both G and G
′ are orthosym-
plectic superalgebras or unitary superalgebras, one can prove that both [{Qa, Qb′}, Qc] and
[{Qa, Qb′}, Qc′ ] are not zero by direct calculation [13].
5. Explicit Examples of New N = 4 Quiver Theories
The classification of gauge groups of the N = 4 theories can be found in [5], [6] (there
is a nice summary in [10]). In this section, however, we are able to construct some new
examples which were neglected in previous classification in the literature by using the ideas
described in the previous section.
5.1 Sp(2N) × U(1) × U(M)
Here we choose the superalgebras G and G′ (see (4.3) and (4.4)) as OSp(2|2N) and
U(M |1) respectively. The common part of the bosonic parts of OSp(2|2N) and U(M |1) is
SO(2) ∼= U(1). Some useful U(M |1) commutation relations are (the commutation relations
of U(M |N) are given by Appendix B.1)
{Q¯i′ , Q
j′} = k′(Mi′
j′ + δi′
j′MU(1)), [MU(1), Q¯i′ ] = −Q¯i′ , [MU(1), Q
i′ ] = Qi
′
,
[Mi′
j′ , Q¯k′ ] = δk′
j′Q¯i′ , [Mi′
j′ , Qk
′
] = −δi′
k′Qj
′
, (5.1)
where the subscript index i′ = 1, . . . M is the index for the fundamental representation of
U(M), andMU(1) is the U(1) generator. We have suppressed the U(1) indices carried by the
fermionic generators. We then identify the U(1) generator MU(1) with the SO(2) generator
of OSp(2|2N) Mi¯j¯ (the commutation relations of OSp(M |2N) are given by Appendix B.2)
by imposing the following equation
ǫ¯ij¯MU(1) = −Mi¯j¯. (5.2)
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Here ǫ¯ij¯ = −ǫj¯i¯ and ǫ1¯2¯ = 1, with i¯ = 1, 2 an SO(2) index. With this identification, the
commutator of MU(1) with a fermionic generator of OSp(2|2N) is given by
[MU(1), Qi¯ˆi] = ǫ¯ij¯Qj¯iˆ; (5.3)
and the commutators of the SO(2) generator of OSp(2|2N) Mi¯j¯ with the fermionic gener-
ators of U(M |1) are given by
[Mi¯j¯, Q¯i′ ] = ǫ¯ij¯Q¯i′ , [Mi¯j¯ , Q
i′ ] = −ǫ¯ij¯Q
i′ . (5.4)
To calculate the structure constants, we define
Qa = Qi¯ˆi and Qa′ =
(
Q¯i′
−Qi
′
)
= Q¯i′δ1α −Q
i′δ2α, (5.5)
where iˆ = 1, · · · , 2M is an Sp(2N) fundamental index. In the second equation we have
introduced a “spin up” spinor χ1α = δ1α and a “spin down” spinor χ2α = δ2α
4). The
structure constants fabc′d′ can be read from the double graded commutator.
[{Qa, Qb}, Qc′ ] = fabc′
d′Qd′ . (5.6)
The double grade commutator can be calculated straightforwardly by using (5.1), (5.4) and
Appendix B.2. The structure constants fabc′d′ are given by
fabc′d′ = fi¯ˆi,j¯jˆ,c′d′ = kωiˆjˆ ǫ¯ij¯(δi′
j′δ1αδ2β + δj′
i′δ1βδ2α). (5.7)
Similarly, one can calculate fc′d′ab by using
[{Qc′ , Qd′}, Qa] = fc′d′a
bQb. (5.8)
By requiring fabc′d′ = fc′d′ab, k
′ in the anticommutator of (5.1) is determined to be k′ = −k,
with k defined in the anticommutator in (B.5).
The structure constants fabcd can be read off from the double graded commutator
[{Qa, Qb}, Qc] = fabc
dQd; they are given by
fabcd = fi¯ˆi,j¯jˆ,k¯kˆ,l¯lˆ = k[(δ¯ik¯δj¯ l¯ − δ¯il¯δj¯k¯)ωiˆjˆωkˆlˆ − δ¯ij¯δk¯l¯(ωiˆkˆωjˆlˆ + ωiˆlˆωjˆkˆ)]. (5.9)
Similarly, we have
fa′b′c′d′ = f
j′l′
k′i′δ1αδ2βδ1γδ2δ + f
k′j′
i′l′δ1αδ2βδ2γδ1δ
+f i
′l′
k′j′δ2αδ1βδ1γδ2δ + f
k′i′
j′l′δ2αδ1βδ2γδ1δ, (5.10)
f j
′l′
k′i′ ≡ k(δk′
j′δi′
l′ − δi′
j′δk′
l′).
It is straightforward to verify that the structure constants (5.7), (5.9) and (5.10) satisfy the
symmetry conditions (2.26) and the reality conditions (2.27), and obey the fundamental
4Here α is not a spacetime spinor index. In this paper, since we have to label many indices, it is
unavoidable that some letters will be repeatedly used, but they will be defined explicitly in the sections in
which they are used. We hope this will not cause any confusion.
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identities (2.15). Substituting (5.7), (5.9) and (5.10) into (3.2), (3.4) and (3.5) gives the
N = 4, Sp(2N) × U(1) × U(M) theory. In this realization, the un-twisted multiplets are
in the bifundamental representation of Sp(2N)×U(1), while the twisted multiplets are in
the bifundamental representation of U(M)×U(1). In Section 5.4, we will introduce a more
general scheme to identify the U(1) factors of the even parts of OSp(2|N2) and U(N3|N4).
The resulting gauge group will be Sp(2N2)× U(1) × U(N3)× U(N4).
5.2 Sp(2N) × SU(2)R × SU(2)L × SO(M) and Other Examples
The superalgebras OSp(4|2N) and D(2|1, α) (with α a continuous parameter) are rather
special for constructing N = 4 theories in that both of them contain an SO(4) factor
in their bosonic parts. A simple observation is the well known decomposition SO(4) ∼=
SU(2)R×SU(2)L, where the SU(2)R (SU(2)L) generators satisfy an anti-self-duality (self-
duality) condition. Since several classes of superalgebras contain a simple factor SU(2) (or
its isometries Sp(2) and SO(3)) in their bosonic parts, identifying them with SU(2)R or
SU(2)L in the bosonic parts of the superalgebra OSp(4|2N) or D(2|1, α) will generate new
N = 4 theories.
In this subsection, we present an explicit example to illustrate this idea. We choose
G = OSp(4|2N) and G′ = OSp(M |2). (The commutation relations of OSp(M |2N) are
given by Appendix B.2.) The bosonic part of the superalgebra OSp(4|2N) contains an
SO(4) factor. Later SO(4) will be decomposed into SU(2)R × SU(2)L. The bosonic part
of OSp(M |2) includes an Sp(2) factor. It is well known that Sp(2) ∼= SU(2), so without
loss of generality, we can identify Sp(2) with SU(2)R
5. In other words, we choose
Sp(2) = SU(2)R (5.11)
as the common part of the bosonic parts of OSp(4|2N) and OSp(M |2). Some useful
commutation relations of OSp(M |2) are
{Qi¯α, Qj¯β} = k
′(ǫαβMi¯j¯ + 2δ¯ij¯Mαβ), [2Mαβ , Qi¯γ ] = ǫβγQi¯α + ǫαγQi¯β,
[Mi¯j¯, Qk¯α] = δj¯k¯Qi¯α − δ¯ik¯Qj¯α, (5.12)
where in the first line we have introduced a factor 2 for later consistence. Here i¯ = 1, . . . ,M
is an SO(M) index, and α = 1, 2 is an Sp(2) index, not a spacetime spinor index (we hope
this will not cause any confusion). And the useful commutation relations of OSp(4|N) are
given by
{Qmiˆ, Qnjˆ} = k(ωiˆjˆMmn + δmnMiˆjˆ), [Mmn, Qpˆi] = δnpQmiˆ − δmpQniˆ,
[Miˆjˆ, Qmkˆ] = ωjˆkˆQmiˆ + ωiˆkˆQmjˆ. (5.13)
Here m = 1, . . . , 4 is an SO(4) index, and iˆ = 1, . . . , 2N an Sp(2N) index.
To decompose the SO(4) generators, we first introduce a set of SU(2)R × SU(2)L
σ-matrices as follows
σmα
α˙ = (σ1, σ2, σ3, iI), σ
†
mα˙
α = (σ1, σ2, σ3,−iI), (5.14)
5Strictly speaking, the set of SU(2)R generators are related to the set of Sp(2) generators via a complex
linear nonsingular transformation (see Eqs (5.19)).
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where σi (i = 1, . . . , 3) are pauli matrices. The SU(2)R matrices σmn and the SU(2)L
matrices σ¯mn are defined as
σmnα
β =
1
4
(σmσ
†
n − σnσ
†
m)α
β, σ¯mnα˙
β˙ =
1
4
(σ†mσn − σ
†
nσm)α˙
β˙; (5.15)
and they satisfy the ‘duality’ conditions
σmn = −
1
2
εmnpqσpq, σ¯mn =
1
2
εmnpqσ¯pq. (5.16)
Here εmnpq is the totally antisymmetric tensor.
6 We decompose the SO(4) generators Mmn
by defining
M±mn =
1
2
(Mmn ±
1
2
εmnpqMpq). (5.17)
With the above definitions, we have
Mmn =M
+
mn +M
−
mn, M
±
mn = ±
1
2
εmnpqM
±
pq, [M
+
mn,M
−
pq] = 0. (5.18)
Therefore M+mn and M
−
mn, satisfying self-duality and anti-self-duality conditions, must be
the SU(2)L and SU(2)R generators, respectively. We now connect the set of Sp(2) gener-
ators Mαβ of OSp(M |2) with M
−
mn via the equation
7
M−mn = σmn
αβMαβ, or Mαβ =
1
2
M−mnσmnαβ . (5.19)
The above equations are the precise statement of (5.11). So it may be more appropriate
to say that the set of SU(2)R generators are related to the set of Sp(2) generators via a
complex linear nonsingular transformation.
One can use the first equation of (5.16) to verify that σmn
αβMαβ also obey the anti-
duality condition and satisfy the same commutation relations as M−mn do. On the other
hand, we connect M+mn with another set of independent SU(2) generators Mα˙β˙ by the
equation
M+mn = σ¯mn
α˙β˙Mα˙β˙. (5.20)
In summary, we have
Mmn =M
−
mn +M
+
mn = σmn
αβMαβ + σ¯mn
α˙β˙M
α˙β˙
. (5.21)
With the non-singular transformations (5.19), we can recast (5.12) into the following form:
{Qi¯α, Qj¯β} = k
′(ǫαβMi¯j¯ + δ¯ij¯M
−
mnσmnαβ), [M
−
mn, Qi¯γ ] = −σmnγ
αQi¯α,
[Mi¯j¯ , Qk¯α] = δj¯k¯Qi¯α − δ¯ik¯Qj¯α. (5.22)
6Our convention is that ε1234 = 1 and εmnpq = ε
mnpq .
7We use the invariant antisymmetric tensor ǫαβ and ǫα˙β˙ to lower undotted and dotted indices, respec-
tively. For example, σ†mα˙γ = ǫβγσ
†
mα˙
γ and σmαγ˙ = ǫβ˙γ˙σmα
γ˙ . The inverse of ǫαβ is defined as ǫ
βγ satisfying
ǫαβǫ
βγ = δα
γ (similarly ǫα˙β˙ǫ
β˙γ˙ = δα˙
γ˙).
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Here it is important to note that we can use either (5.12) or (5.22) to calculate the structure
constants faba′b′ and fa′b′c′d′ . The final results are the same. In section 6, we will provide
an explanation on this.
Now it is straightforward to calculate the structure constants faba′
b′ by using Eq.
(4.10):
[{Qa, Qb}, Qa′ ] = [{Qmiˆ, Qnjˆ}, Qi¯α]
= [ωiˆjˆM
−
mn, Qi¯α]
= −kω
iˆjˆ
σmnα
βQi¯β. (5.23)
In the final line we have used the second equation of (5.22). Now faba′b′ can be read off
from the above equation immediately:
faba′b′ = fmiˆ,njˆ,¯iα,j¯β = −kωiˆjˆ δ¯ij¯σmnαβ. (5.24)
The structure constants fa′b′ab can be also read off from [{Qa′ , Qb′}, Qa] = fa′b′a
bQb. By
requiring that faba′b′ = fa′b′ab, k
′ in (5.12) is determined to be k′ = −12k.
Since both G and G′ are ortho-symplectic algebras, the structure constants fabcd and
fa′b′c′d′ must take the same form as (5.9); they are given by
fabcd = fmiˆ,njˆ,pkˆ,qlˆ = k[(δmpδnq − δmqδnp)ωiˆjˆωkˆlˆ − δmnδpq(ωiˆkˆωjˆlˆ + ωiˆlˆωjˆkˆ)], (5.25)
fa′b′c′d′ = fi¯α,j¯β,k¯γ,l¯δ = −
k
2
[(δ¯ik¯δj¯l¯ − δ¯il¯δj¯k¯)ǫαβǫγδ − δ¯ij¯δk¯l¯(ǫαγǫβδ + ǫαδǫβγ)]. (5.26)
It is straightforward to verify that the structure constants (5.24), (5.25) and (5.26) satisfy
the symmetry conditions (2.26) and the reality conditions (2.27), and obey the fundamental
identities (2.15). In verifying the FIs, we have used the identity
σmpαβσpnγδ − σnpαβσpmγδ =
1
2
(ǫαγσmnβδ + ǫβγσmnαδ + ǫαδσmnβγ + ǫβδσmnαγ). (5.27)
Substituting (5.24), (5.25) and (5.26) into (3.2), (3.4) and (3.5) gives the N = 4, Sp(2N)×
SU(2)R × SU(2)L × SO(M) theory. In this realization, the un-twisted multiplets are in
the bifundamental representation of Sp(2N) × SO(4), while the twisted multiplets are in
the bifundamental representation of Sp(2)× SO(M).
We now would like to work out the explicit expression of the gauge field A˜µab. Substi-
tuting the expressions of fcdab and fa′b′ab (see (5.24) and (5.25)) into the second equation
of (3.2), the definition of A˜µab, we obtain
A˜µab = (A˜µ)miˆ,njˆ = kωiˆjˆ[A
pq
µ (τ
+
pq)mn+(A
pq
µ −
1
2
A′αβσpqαβ)(τ
−
pq)mn]+kδmnA
kˆlˆ
µ (τkˆlˆ)ˆijˆ. (5.28)
where we have used Acdµ = A
pkˆ,qlˆ
µ and Aa
′b′
µ = A
i¯α,j¯β
µ , and defined A
pq
µ ≡ ωkˆlˆA
pkˆ,qlˆ
µ and
A′αβ ≡ δ¯ij¯A
i¯α,j¯β
µ . The two sets of matrices (τ±pq)mn are the vector representations of the
SU(2)L,R generators M
±
pq, while (τkˆlˆ)ˆijˆ are the fundamental representation of the set of
Sp(2N) generators M
kˆlˆ
; they are given by
(τ±pq)mn =
1
2
(δmpδnq − δnpδmq ± εmnpq), (τkˆlˆ)ˆijˆ = −(ωiˆkˆωjˆlˆ + ωiˆlˆωjˆkˆ). (5.29)
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If fa′b′ab=0, the theory becomes two copies of independent GW theories, and the gauge
field A˜µab becomes
(A˜µab)faba′b′=0 = kωiˆjˆA
pq
µ [(τ
+
pq)mn + (τ
−
pq)mn] + kδmnA
kˆlˆ
µ (τkˆlˆ)ˆijˆ , (5.30)
where the matrices
(τ+pq)mn + (τ
−
pq)mn = (τpq)mn = δmpδnq − δmqδnp (5.31)
furnish the familiar vector representation of SO(4). The RHS of (5.30) indicates that the
Chern-Simons levels of SU(2)R and SU(2)L gauge groups are equal and same in sign.
Comparing (5.28) and (5.30), we see that the structure constants faba′b′ play a crucial role
in constructing the N = 4 quiver gauge theory. Similarly, we obtain the expression of the
gauge field A˜µa′b′ defined in the last equation of (3.2):
A˜µa′b′ = −
k
2
[δ¯ij¯(A
′γδ
µ −A
pq
µ σpq
γδ)(τγδ)αβ + ǫαβA
′k¯l¯
µ (τk¯l¯)¯ij¯]. (5.32)
Here A′k¯l¯µ ≡ ǫγδA
k¯γ,l¯δ; (τγδ)αβ and (τk¯l¯)¯ij¯, the fundamental representations ofMγδ andMk¯l¯,
have similar expressions as that of (τ
kˆlˆ
)ˆijˆ and (τpq)mn (see (5.29) and (5.31)), respectively.
Although we set SU(2)R = Sp(2) by Eq. (5.19), their representations are completely
different: The set of fermionic generators Qmiˆ furnish a vector representation of the SU(2)R
generators M−mn, while Qi¯γ furnish the fundamental representation of the Sp(2) generators
Mαβ .
Also, If fa′b′ab=0, the gauge field A˜µa′b′ becomes
(A˜µa′b′)faba′b′=0 = −
k
2
[δ¯ij¯A
′γδ
µ (τγδ)αβ + ǫαβA
′k¯l¯
µ (τk¯l¯)¯ij¯ ], (5.33)
which is just a gauge field of the GW theory.
Using the same technique, one can also pair G = OSp(4|2N) with other superalgebras,
such as OSp(3|2N1). In summary, one can pair G = OSp(4|2N) with
G′ = OSp(M |2), OSp(3|2N1), PSU(2|2), G3, SU(2|N2), F (4), or D(2|1, α)
(5.34)
by identifying SU(2)R or SU(2)L factor of G with a simple factor SU(2) (or its isometries
Sp(2) and SO(3)) contained in the bosonic part of G′.
Finally, one can pair G = D(2|1, α) with
G′ = OSp(3|N1), OSp(M |2), PSU(2|2), G3, SU(2|N2), or F (4) (5.35)
by identifying SU(2)R or SU(2)L factor of D(2|1, α) with a simple factor SU(2) (or its
isometries Sp(2) and SO(3)) of the bosonic part of G′.
The pairs of superalgebras G and G′ in (5.34) and (5.35) can be used to construct
the four 3-brackets (2.9) and (2.12) and the four FIs (2.15). The Lie algebras of the
gauge groups are just the bosonic parts of G and G′, and corresponding representations
are determined by the fermionic generators of G and G′.
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We note that the bosonic part of PSU(2|2) is SO(4), we therefore can identify it
with the SO(4) factor of the bosonic part of OSp(4|2N) or D(2|1, α). The special case
of PSU(2|2) paring OSp(4|2N) is interesting in its own right: First, since the Nambu
3-algebra can be constructed in terms of PSU(2|2) [15], so the Nambu 3-algebra can be
a sub 3-algebra of a symplectic 3-algebra; secondly, since the set of SO(4) generators
of OSp(4|2N) are given by (M+mn + M
−
mn) = Mmn (see (5.21)), while the set of SO(4)
generators of PSU(2|2) can be converted into (M+mn −M
−
mn) = M˜mn [15], so in analogue
with (5.19), the two sets of SO(4) generators can be related to each other via the following
duality equation:
(Mmn)OSp(4|2N) =
1
2
εmnpq(M˜pq)PSU(2|2). (5.36)
Notice also that we can identify the SO(4) factor of the bosonic part of OSp(4|2N)
with the SO(4) factor of the bosonic part of D(2|1, α), and the resulting gauge group is
different from the one derived by letting that OSp(4|2N) and D(2|1, α) share only one
SU(2) factor. The duality equation for identifying two SO(4) factors can be given by
1
2
(δmpδnq − δnpδmq + βεmnpq)(Mpq)OSp(4|2N) = (Mˆmn)D(2|1,α) (5.37)
where β = 2(1−α)/(1+α). Similarly, the duality equation for identifying the SO(4) factor
of D(2|1, α) with the SO(4) factor of PSU(2|2) can be given by
1
2
[β(δmpδnq − δnpδmq) + εmnpq)](M˜pq)PSU(2|2) = (Mˆmn)D(2|1,α). (5.38)
We summarize the three pairs as follows
(G,G′) = (PSU(2|2), OSp(4|2N)), (PSU(2|2),D(2|1, α)), (OSp(4|2N), D(2|1, α)). (5.39)
Every pair of superalgebras in the right hand side, whose bosonic parts share the common
factor SO(4), can be used to construct the four 3-brackets (2.9) and (2.12) and the four
FIs (2.15).
5.3 U(N1)× U(N2)× U(N3)× U(N4)
Here we choose the superalgebrasG and G′ (see (4.3) and (4.4)) as U(N1|N2) and U(N3|N4)
respectively (the commutation relations of U(M |N) are given by Appendix B.1). We iden-
tify the U(1) parts of the bosonic subalgebras of U(N1|N2) and U(N3|N4) by introducing
the following commutators between the generators of U(N1|N2) and the generators of
U(N3|N4):
[Mu¯
v¯, Qi¯
iˆ] = c1δu¯
v¯Qi¯
iˆ, [Mu¯
v¯, Q¯iˆ
i¯] = −c1δu¯
v¯Q¯iˆ
i¯,
[Mi′
j′ , Qi¯
iˆ] = c2δi′
j′Qi¯
iˆ, [Mi′
j′ , Q¯iˆ
i¯] = −c2δi′
j′Q¯iˆ
i¯,
[Mi¯
j¯ , Qu¯
i′ ] = c3δ¯i
j¯Qu¯
i′ , [Mi¯
j¯ , Q¯i′
u¯] = −c3δ¯i
j¯Q¯i′
u¯,
[M
iˆ
jˆ , Qu¯
i′ ] = c4δˆi
jˆQu¯
i′ , [M
iˆ
jˆ , Q¯i′
u¯] = −c4δˆi
jˆQ¯i′
u¯, (5.40)
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where Qi¯
iˆ are the fermionic generators of U(N1|N2), with i¯ = 1, . . . , N1 fundamental indices
of U(N1) and iˆ = 1, . . . , N2 anti-fundamental indices of U(N2);Mi¯
j¯ andMiˆ
jˆ are the bosonic
generators of U(N1|N2); Qu¯
i′ are the fermionic generators of U(N3|N4), with u¯ = 1, . . . , N3
fundamental indices of U(N3) and i
′ = 1, . . . , N4 anti-fundamental indices of U(N4); Mu¯
v¯
and Mi′
j′ are the bosonic generators of U(N3|N4); ci (i = 1, . . . , 4) are arbitrary constants.
Let us now examine the physical meaning of the first commutator of (5.40). Writing
the set of U(N3) generators Mu¯
v¯ as
(Mu¯
v¯)U(N3) = (Mu¯
v¯ −
1
N3
δu¯
v¯Mw¯
w¯)SU(N3) + (
1
N3
δu¯
v¯Mw¯
w¯)U(1), (5.41)
and using the first commutator of (5.40), we find that Qi¯
iˆ commutes with the set of SU(N3)
generators, while has a nontrivial commutator with the U(1) generator of U(N3), i.e.
[Mu¯
v¯ −
1
N3
δu¯
v¯Mw¯
w¯, Qi¯
iˆ] = 0, [
1
N3
δu¯
v¯Mw¯
w¯, Qi¯
iˆ] = c1δu¯
v¯Qi¯
iˆ. (5.42)
So the first commutator of (5.40) means that the set of fermionic generators of U(N1|N2)
Qi¯
iˆ are charged by the U(1) part of U(N3) of the bosonic part of U(N3|N4); also, it means
that Qi¯
iˆ furnish a nontrivial representation of the U(1) part of U(N3) of the bosonic part
of U(N3|N4). The other commutators in (5.40) have a similar interpretation.
On the other hand, let us consider the following commutator of U(N1|N2): [Mj¯
k¯, Qi¯
iˆ] =
δ¯i
k¯Qj¯
iˆ. Contracting on j¯ and k¯ gives
[
1
N1
Mj¯
j¯, Qi¯
iˆ] =
1
N1
Qi¯
iˆ. (5.43)
Namely, Qi¯
iˆ are also charged by the U(1) part of U(N1) of the bosonic part of U(N1|N2),
or Qi¯
iˆ furnish a nontrivial representation of the U(1) part of U(N1) of the bosonic part of
U(N1|N2). Similarly, Qi¯
iˆ furnish a nontrivial representation of the U(1) part of U(N2) of
the bosonic part of U(N1|N2).
So, after identifying the U(1) parts of the bosonic subalgebras of U(N1|N2) and
U(N3|N4), both Qi¯
iˆ and Qu¯
i′ have nontrivial commutators with all U(1) generators of
U(N1|N2) and U(N3|N4).
We are now ready to calculate the structure constants of the double graded commuta-
tors. We define
Qa =
(
Q¯i¯
iˆ
−Qiˆ
i¯
)
= Q¯i¯
iˆδ1λ −Qiˆ
i¯δ2λ, (5.44)
Qa′ =
(
Q¯i′
u¯
−Qu¯
i′
)
= Q¯i′
u¯δ1α −Qu¯
i′δ2α, (5.45)
where δ1λ = (1, 0)
T and δ2λ = (0, 1)
T are “spin up” spinor (not a spacetime spinor) and
“spin down” spinor, respectively. Similarly, δ1α and δ2α are another independent pair of
spinors. Using [{Qa, Qb}, Qa′ ] = faba′
b′Qb′ , and the commutation relations of U(N1|N2)
and (5.40), we obtain
faba′b′ = −k(c1 + c2)(δˆi
jˆδj¯
i¯δ2λδ1ξ + δjˆ
iˆδ¯i
j¯δ1λδ2ξ)(δv¯
u¯δi′
j′δ1αδ2β + δu¯
v¯δj′
i′δ2αδ1β). (5.46)
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Using [{Qa′ , Qb′}, Qa] = fa′b′a
bQb to calculate fa′b′ab gives the same result as that of (5.46)
except that (c1 + c2) gets replaced by (c3 + c4). In order for that fa′b′ab = faba′b′ , we must
set
(c1 + c2) = (c3 + c4). (5.47)
It can be seen that this N = 4 theory contains three free parameters. The second FI and
third FI of (2.15) do not impose any further constraint on (c1 + c2) or (c3 + c4) , since for
example the summation of the first two terms of the second FI of (2.15) vanishes due to
the abelian nature of U(1).
Using [{Qa′ , Qb′}, Qc′ ] = fa′b′c′
d′Qd′ and the commutation relations of U(N3|N4), one
can calculate the structure constants fa′b′c′d′ straightforwardly; they are given by
fa′b′c′d′ = fu¯
i′
w¯
k′ , l′
t¯
j′
v¯δ2αδ1βδ2γδ1δ + fu¯
i′
t¯
l′ , k′
w¯
j′
v¯δ2αδ1βδ1γδ2δ
+fv¯
j′
w¯
k′ , l′
t¯
i′
u¯δ1αδ2βδ2γδ1δ + fv¯
j′
t¯
l′ , k′
w¯
i′
u¯δ1αδ2βδ1γδ2δ , (5.48)
where
fu¯
i′
v¯
j′ , k′
w¯
l′
t¯ ≡ k(δk′
i′δl′
j′δv¯
w¯δu¯
t¯ − δl′
i′δk′
j′δu¯
w¯δv¯
t¯). (5.49)
Notice that (5.49) are precisely the structure constants introduced first by Lambert and
Bagger [8] to construct an N = 6 theory with U(N3) × U(N4) gauge group. The relation
between (5.49) and (5.48) was first derived in Ref. [11]. Since both U(N1|N2) and U(N3|N4)
are unitary superalgebras, the structure constants fabcd have a similar expression as that
of (5.48); they are given by
fabcd = fi¯
iˆ
k¯
kˆ,
lˆ
l¯
jˆ
j¯δ2λδ1ξδ2ρδ1σ + fi¯
iˆ
l¯
lˆ,
kˆ
k¯
jˆ
j¯δ2λδ1ξδ1ρδ2σ
+fj¯
jˆ
k¯
kˆ,
lˆ
l¯
iˆ
i¯δ1λδ2ξδ2ρδ1σ + fj¯
jˆ
l¯
lˆ,
kˆ
k¯
iˆ
i¯δ1λδ2ξδ1ρδ2σ, (5.50)
where
fi¯
iˆ
j¯
jˆ ,
kˆ
k¯
lˆ
l¯ ≡ k(δ
kˆ
iˆδ
lˆ
jˆδj¯
k¯ δ¯i
l¯ − δ
lˆ
iˆδ
kˆ
jˆ δ¯i
k¯δj¯
l¯). (5.51)
We have verified that the structure constants (5.46), (5.48) and (5.50) obey the fundamental
identities (2.15), and satisfy the desired symmetry and reality conditons. Substituting them
into (3.2), (3.4) and (3.5) gives the N = 4, U(N1)×U(N2)×U(N3)×U(N4) theory. In this
realization, the un-twisted multiplets are in the bifundamental representation of U(N1)×
U(N2), while the twisted multiplets are in the bifundamental representation of U(N3) ×
U(N4). However, the un-twisted multiplets couple the twisted multiplets nontrivially via
the structure constants faba′b′ . In the special case of c1 + c2 = 0, the structure constants
faba′b′ vanish identically. As a result, the action (3.4) becomes two uncoupled GW theories.
5.4 OSp(N2)× U(1) × U(N3)× U(N4)
In this subsection we choose the superalgebrasG and G′ (see (4.3) and (4.4)) as OSp(2|2N2)
and U(N3|N4) respectively. (The commutation relations of OSp(M |2N) and U(M |N) are
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given by Appendix B.2 and B.1 respectively.) In analogy to Section 5.3, we identify the
U(1) parts of the bosonic subalgebras of OSp(2|2N2) and U(N3|N4) by introducing the
following commutators between their generators:
[Mu¯
v¯, Qi¯ˆi] = c1δu¯
v¯ ǫ¯ij¯Qj¯iˆ, [Mi′
j′ , Qi¯ˆi] = c2δi′
j′ ǫ¯ij¯Qj¯ iˆ,
[Mi¯j¯ , Qu¯
i′ ] = −c3ǫ¯ij¯Qu¯
i′ , [Mi¯j¯ , Q¯i′
u¯] = c3ǫ¯ij¯Q¯i′
u¯, (5.52)
where Qi¯ˆi are the set of fermionic generators of OSp(2|2N2), with i¯ = 1, 2 fundamental
indices of SO(2) and iˆ = 1, . . . , N2 fundamental indices of Sp(2N2); Mi¯j¯ and Miˆjˆ are the
bosonic generators of OSp(2|2N2); Qu¯
i′ are the set of fermionic generators of U(N3|N4),
with u¯ = 1, . . . , N3 fundamental indices of U(N3) and i
′ = 1, . . . , N4 anti-fundamental
indices of U(N4); Mu¯
v¯ and Mi′
j′ are the bosonic generators of U(N3|N4); ci (i = 1, . . . , 3)
are arbitrary constants; ǫ¯ij¯ = −ǫj¯i¯ and ǫ1¯2¯ = 1. The commutators in (5.52) have similar
interpretations as that of section 5.3.
To calculate the structure constants fa′b′ab, we define
Qa = Qi¯ˆi, Qa′ =
(
Q¯i′
u¯
−Qu¯
i′
)
= Q¯i′
u¯δ1α −Qu¯
i′δ2α, (5.53)
where δ1α = (1, 0)
T and δ2α = (0, 1)
T are “spin up” spinor (not a spacetime spinor) and
“spin down” spinor, respectively. Using [{Qa′ , Qb′}, Qa] = fa′b′a
bQb , and the commutation
relations of U(N2|N3) and (5.52), we obtain
faba′b′ = k(c1 + c2)(δv¯
u¯δi′
j′δ1αδ2β + δu¯
v¯δj′
i′δ2αδ1β)ǫ¯ij¯ωiˆjˆ . (5.54)
One can also use [{Qa, Qb}, Qa′ ] = faba′
b′Qb′ to calculate faba′b′ . The final expression is of
course the same as that of (5.54) after we set
c1 + c2 = c3. (5.55)
So this N = 4 theory contains two free parameters. By the same reason as that of Section
5.3, the second FI and third FI of (2.15) impose no constraint on (c1 + c2) or c3. The
structure constants fabcd and fa′b′c′d′ are the same as (5.9) and (5.48) respectively, except
for that here the index a = 1, . . . , N2. We have also verified that all the structure constants
obey fundamental identities (2.15) and satisfy the desired reality and symmetry conditons.
Notice that section 5.1 is a special case of this subsection. Actually, if we set N4 = 1,
N2 = N and c3 = 1, the structure constants fabcd, faba′b′ and fa′b′c′d′ are exactly the same
as (5.9), (5.7) and (5.10), respectively.
Substituting the structure constants of this subsection fabcd, faba′b′ and fa′b′c′d′ into
(3.2), (3.4) and (3.5) gives the N = 4, Sp(2N2) × U(1) × U(N3) × U(N4) theory. The
un-twisted multiplets are in the bifundamental representation of Sp(2N2) × U(1), while
the twisted multiplets are in the bifundamental representation of U(N3)× U(N4).
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6. General N = 4 Theories in Terms of Lie Algebras
In this section, we will derive the general N = 4 theories in terms of Lie algebras from
their 3-algebra counterparts. The key point is that we observe that the structure constants
of 3-algebras can be expressed in terms of tensor products on the superalgebras G and G′.
Eqs (4.26) are two examples.
Recall that the bosonic parts of the two superalgebras (4.3) and (4.4) share at least
one simple factor or U(1) factor, and we have decomposed their bosonic generators Mu
and Mu
′
into Mu = (Mα,Mg) 8 and Mu
′
= (Mα
′
, M˜g), respectively. Here M˜g = T ghM
h
are the generators of the common part, with T gh a set of complex non-singular linear
transformation matrices. If T gh are real and positive difinite, the two Lie algebras spanned
by Mg and M˜g are equivalent. In particular, if T gh = δ
g
h, we have M˜
g = Mg. The
independent commutation relations of the bosonic parts of the two superalgebras (4.3) and
(4.4) are the following:
[Mα,Mβ ] = fαβγM
γ , [Mf ,Mg] = f fghM
h, [Mα
′
,Mβ
′
] = fα
′β′
γ′M
γ′ . (6.1)
Of course, we also have
[M˜f , M˜g] = f˜ fghM˜
h. (6.2)
However, since this equation can be obtained by transforming the second equation of (6.1)
by using M˜g = T ghM
h, we do not consider it as an independent equation. Accordingly,
we decompose the structure constants into
fuvw = (f
αβ
γ , f
fg
h), f
u′v′
w′ = (f
α′β′
γ′ , f˜
fg
h). (6.3)
Now the superalgebra (4.3) is decomposed into
[Mα,Mβ ] = fαβγM
γ , [Mf ,Mg] = f fghM
h,
[Mα, Qa] = −τ
α
abω
bcQc, [M
g, Qa] = −τ
g
abω
bcQc,
{Qa, Qb} = τ
α
abkαβM
β + τ gabkghM
h. (6.4)
Similarly, the superalgebra (4.4) can be written as
[Mα
′
,Mβ
′
] = fα
′β′
γ′M
γ′ , [M˜f , M˜g] = f˜ fghM˜
h,
[Mα
′
, Qa′ ] = −τ
α′
a′b′ω
b′c′Qc′ , [M˜
g, Qa′ ] = −τ˜
g
a′b′ω
b′c′Qc′ ,
{Qa′ , Qb′} = τ
α′
a′b′kα′β′M
β′ + τ˜ ga′b′ k˜ghM˜
h. (6.5)
Using the non-singular transformation M˜g = T ghM
h, we are able to recast (6.5) in the
form
[Mα
′
,Mβ
′
] = fα
′β′
γ′M
γ′ , [Mf ,Mg] = f fghM
h,
[Mα
′
, Qa′ ] = −τ
α′
a′b′ω
b′c′Qc′ , [M
g, Qa′ ] = −τ
g
a′b′ω
b′c′Qc′ ,
{Qa′ , Qb′} = τ
α′
a′b′kα′β′M
β′ + τ ga′b′kghM
h, (6.6)
8Here α is not a spacetime index. We hope this will not cause any confusion.
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where
τ ga′b′ = (T
−1)ghτ˜
h
a′b′ , kgh = T
f
gT
i
hk˜fi, f
fg
h = (T
−1)f i(T
−1)gjT
k
hf˜
ij
k. (6.7)
Since T gh are generally complex nonsingular matrices, the Lie algebra defined by the second
equation of (6.6) is generally not equivalent to the one defined by the second equation of
(6.5). However, the N = 4 theories will not be modified if we use (6.6) to construct the
3-brackets. In fact, since we have not transformed the set of fermionic generators Qa′ in
(6.5), the double graded brackets [{Qa′ , Qb′}, Qc′ ] and [{Qa, Qb}, Qa′ ] will be the same no
matter we use (6.5) or (6.6) to construct them. As a result, the structure constants fa′b′c′d′
and fa′b′ab used to construct the N = 4 theories will also remain the same. For example,
if we use (6.5) and (6.6) to calculate [{Qa′ , Qb′}, Qc′ ] = fa′b′c′
d′Qd′ respectively, we obtain
fa′b′c′d′ = τ
α′
a′b′kα′β′τ
β′
c′d′ + τ˜
g
a′b′ k˜ghτ˜
g
c′d′ and fa′b′c′d′ = τ
α′
a′b′kα′β′τ
β′
c′d′ + τ
g
a′b′kghτ
g
c′d′ (6.8)
respectively. But it is not difficult to prove that τ˜ ga′b′ k˜ghτ˜
g
c′d′ = τ
g
a′b′kghτ
g
c′d′ by using the
first two equations of (6.7). So they are indeed the same.
To simplify the expressions of (6.4) and (6.6), we define 9
Mm = (Mα,Mg,Mα
′
), (6.9)
Cmnp = (f
αβ
γ , f
fg
h, f
α′β′
γ′), (6.10)
kmn = (kαβ , kgh, kα′β′). (6.11)
We now put the superalgebras (6.4) and (6.6) together:
[Mm,Mn] = CmnpM
p, [Mm, Qa] = −τ
m
abω
bcQc, [M
m, Qa′ ] = −τ
m
a′b′ω
b′c′Qc′ ,
{Qa, Qb} = τ
m
abkmnM
n, {Qa′ , Qb′} = τ
m
a′b′kmnM
n, (6.12)
where we have used the equations τα
′
ab = τ
α
a′b′ = 0 implied by (4.19).
Notice that (6.12) is merely a compact version of (6.4) and (6.6); in particular, it is
not necessarily a closed superalgebra due to the set of common generators Mg. In fact,
because of Mg, the double graded commutator [{Qa, Qb}, Qc′ ] 6= 0, i.e. fabc′
d′ 6= 0 (see
the proof in the paragraph containing (4.15)). On the other hand, if (6.12) is a closed
superalgebra, then the QaQbQc′ Jacobi identity must be obeyed (see (4.39)), implying that
{Qa, Qc′} 6= 0. Therefore the anticommutator (4.38)
{Qa, Qc′} = t
u˜
ac′Mu˜
must be nontrivial, in the sense that tu˜ac′ 6= 0. However, the set of bosonic generatorsMu˜ are
not included inMm (see (6.9)), and (4.38) is not contained in (6.12). So generally speaking,
(6.12) is not a closed superalgebra. But if we introduce Mu˜, (4.38) and some other proper
commutation relations into (6.12), it is possible to “fuse” the two superalgebras (6.4) and
(6.6) into a single closed superalgebra [13].
9Here m, n and p are not SO(4) fundamental indices of Section 5.2. We hope this will not cause any
confusion.
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With these notations, if we construct the 3-brackets (4.8) and (4.21) by using (6.12),
the structure constants (see (4.26) and (4.25)) for take the forms
fabcd = kmnτ
m
abτ
n
cd, fa′b′c′d′ = kmnτ
m
a′b′τ
n
c′d′ , fabc′d′ = fc′d′ab = kmnτ
m
abτ
n
c′d′ . (6.13)
With the above equations, the four sets of FIs (2.15) can be converted into
(knpkqmC
pm
s + kqmkspC
pm
n)τ
na
bτ
qc
dτ
se
f = 0,
(knpkqmC
pm
s + kqmkspC
pm
n)τ
na
bτ
qc′
d′τ
se
f = 0,
(knpkqmC
pm
s + kqmkspC
pm
n)τ
na′
b′τ
qc′
d′τ
se
f = 0,
(knpkqmC
pm
s + kqmkspC
pm
n)τ
na′
b′τ
qc′
d′τ
se′
f ′ = 0. (6.14)
They are simply obeyed due to the fact that
knpkqmC
pm
s + kqmkspC
pm
n = 0. (6.15)
With (6.13), the gauge fields (see (3.2)) of the N = 4 theories become
A˜µ
c
d = A
ab
µ fab
c
d +A
a′b′
µ fa′b′
c
d = (A
ab
µ τ
m
ab +A
a′b′
µ τ
m
a′b′)kmnτ
nc
d ≡ A
m
µ kmnτ
nc
d, (6.16)
A˜µ
c′
d′ = A
ab
µ fab
c′
d′ +A
a′b′
µ fa′b′
c′
d′ = (A
ab
µ τ
m
ab +A
a′b′
µ τ
m
a′b′)kmnτ
nc′
d′ ≡ A
m
µ kmnτ
nc′
d′ .
Following Ref. [3], we define the ‘momentum map’ and ‘current ’ operators as follows
µmAB ≡ τ
m
abZ
a
AZ
b
B, j
m
AB˙
≡ τmabZ
a
Aψ
b
B˙
, µ′m
A˙B˙
≡ τma′b′Z
a′
A˙
Zb
′
B˙
, j′m
A˙B
≡ τma′b′Z
a′
A˙
ψb
′
B . (6.17)
Substituting (6.13) and (6.16) into the N = 4 Lagrangian (3.4) gives
L =
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
C˜mnpA
m
µ A
n
νA
p
λ)
+
1
2
(−DµZ¯
A
a D
µZaA −DµZ¯
A˙
a′D
µZa
′
A˙
+ iψ¯A˙a γ
µDµψ
a
A˙
+ iψ¯Aa′γ
µDµψ
a′
A )
−
i
2
kmn(j
m
AB˙
jnAB˙ + j′m
A˙B
j′nA˙B − 4jm
AB˙
j′nB˙A)
+
i
2
kmn(µ
m
ABτ
n
a′b′ψ
Aa′ψBb
′
+ µ′m
A˙B˙
τnabψ
A˙aψB˙b) (6.18)
−
1
24
C˜mnp(µ
mA
Bµ
nB
Cµ
pC
A + µ
′mA˙
B˙µ
′nB˙
C˙µ
′pC˙
A˙)
+
1
4
kmpkns((τ
mτn)abZ
AaZbAµ
′pB˙
C˙µ
′sC˙
B˙ + (τ
mτn)a′b′Z
A˙a′Zb
′
A˙
µpBCµ
sC
B),
where C˜mnp = kmsknqC
sq
p. Substituting (6.13) and (6.16) into the N = 4 supersymmetry
transformations (3.5) gives
δZaA = iǫA
A˙ψa
A˙
,
δZa
′
A˙
= iǫ†
A˙
Aψa
′
A ,
δψa
′
A = −γ
µDµZ
a′
B˙
ǫA
B˙ −
1
3
kmnτ
ma′
b′Z
b′
B˙
µ′nB˙C˙ǫA
C˙ + kmnτ
ma′
b′Z
b′
A˙
µnBAǫB
A˙,
δψa
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
kmnτ
ma
bZ
b
Bµ
nB
Cǫ
†
A˙
C + kmnτ
ma
bZ
b
Aµ
′nB˙
A˙ǫ
†
B˙
A,
δAmµ = iǫ
AB˙γµj
m
AB˙
+ iǫ†A˙Bγµj
′m
A˙B
. (6.19)
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Here the parameter ǫA
B˙ obeys the reality condition (3.6). The N = 4 Lagrangian (6.18)
and supersymmetry transformation law (6.19) are in agreement with those constructed
directly in terms of ordinary Lie algebra [5].
If both the twisted and untwisted multiplets take values in the same symplectic 3-
algebra spanned by Ta, i.e. ΦA = Φ
a
A and ΦA˙ = Φ
a
A˙
, we need only one superalgebra G to
construct the 3-algebra spanned by Ta. It follows that both ΦA and ΦA˙ are in the same
representation of the bosonic subalgebra of G; this representation is furnished by the set
of fermionic generators Qa. In this case, the N = 4 supersymmetry is promoted to N = 5,
as first proved in Ref. [7].
7. Classification of N = 4 Quiver Gauge Theories
After working out the example in section 5, it is not difficult to find out the other gauge
groups. We first review all known examples of N = 4 theories. We consider the following
pairs of superalgebras [5, 10]:
(G,G′) = (U(N1|N2), (U(N2|N3)), (OSp(N1|2N2), (OSp(N1|2N3)),
(OSp(N1|2N2), (OSp(N3|2N2)), (OSp(N1|2N2), (OSp(2|2N2)),
(OSp(2|2N1), (OSp(2|2N1)). (7.1)
For every pair, the even parts share at least one common simple factor, hence can be chosen
as the Lie algebras of the gauge groups.
It is straightforward to generalize the construction of section 3 by letting that one
symplectic 3-algebra contains three symplectic sub 3-algebras. And one can realize the
three sub 3-algebras in terms of three superalgebras. Then the gauge group must be the
even parts of (G1, G2, G3), where Gi (i = 1, 2, 3) is a superalgebra selected from the list
U(M |N), OSp(M |2N), OSp(2|2N). (7.2)
Here we assume that the even parts of G1 and G2 share at least one common simple factor,
while the even parts of G2 and G3 share at least one common simple factor. For example,
one can choose (G1, G2, G3) as (OSp(N1|2N2), OSp(N1|2N3), OSp(N4|2N3)). The resulting
quiver diagram for gauge groups is
Sp(2N2)− SO(N1)− Sp(2N3)− SO(N4). (7.3)
Or we can set (G1, G2, G3)= (U(N1|N2), U(N2|N3), U(N3|N4)), and the resulting quiver
diagram for gauge groups is
U(N1)− U(N2)− U(N3)− U(N4). (7.4)
In the general case, one can choose the even parts of (G1, · · · , Gn), where Gi (i = 1, · · · , n)
is a superalgebra selected from the list (7.2); the even parts of Gi and Gi+1 (i = 1, · · · , n−1)
share at least one common simple factor [5, 10]. If the even parts of G1 and Gn (with n an
even number) also share at least one common simple factor, then the linear quiver becomes
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a closed loop. The linear quiver gauge theories described in this paragraph exhaust all
known examples of N = 4 superconformal CMS theories.
As [10] pointed out, if one also takes account of the exceptional superalgebras, and
the isomorphisms of the Lie algebras, there are additional possibilities. We will elaborate
these ideas by constructing some N = 4 theories with new gauge groups.
Let us first consider the exceptional superalgebras. The even parts of the superalgebras
F (4), G(3) and D(2|1, α) (with α a continuous parameter) are SO(7) × SU(2) (SO(7) is
in the spinor representation), G2 × SU(2) and SO(4) × Sp(2), respectively. Now we have
the complete list
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α). (7.5)
The superalgebras SU(M |N) and PSU(2|2), the cousins of U(M |N), can be also used to
realize the sympelctic 3-algebra. We therefore may have
(G,G′) = (F (4), SU(2|N2)), (G(3), SU(2|N2)), (G(3), F (4)), (7.6)
(OSp(N1|2),D(2|1, α)), (OSp(7|2N), F (4)), (OSp(4|2N),D(2|1, α)).
Their even parts can be selected as the Lie algebras of the gauge groups.
It also is possible to construct some new N = 4 CMS theories by using the four
isomorphisms of the Lie algebras. We know that the Lie algebra of SO(3) is isomorphic to
that of SU(2) and Sp(2), the Lie algebra of SO(5) is isomorphic to that of Sp(4), and the
Lie algebra of SO(6) is isomorphic to that of SU(4). So the pairs of the superalgebras can
be also chosen as
(G,G′) = (OSp(3|2N1), OSp(N2|2)), (OSp(3|2N1), SU(2|N2)), (OSp(3|2N1), F4),
(OSp(3|2N1),D(2|1, α)), (OSp(3|2N1), G3), (OSp(N1|2), SU(2|N2)),
(OSp(N1|2), F4), (OSp(N1|2), G3), (G3,D(2|1, α)), (F4 ,D(2|1, α)),
(OSp(5|2N1), OSp(N2|4)), (OSp(6|N1), SU(4|N2)), (D(2|1, α), SU(2|N2)),
(7.7)
and their even parts can be selected as the Lie algebras of the gauge groups.
Finally, in Section 5, we have constructed two classes of new N = 4 theories by
requiring the U(1) parts of the even parts of G and G′ are identical; they are given by
(G,G′) = ((OSp(2|2N2), U(N3|N4)), ((U(N1|N2), U(N3|N4)). (7.8)
The other classes of new N = 4 theories in Section 5 are given by the lists (5.34) and
(5.35).
In summary, one can use the constructions of the previous paragraphs in the general
case (G1, · · · , Gn), where any adjacent pair Gi and Gi+1 (i = 1, · · · , n− 1) is selected from
(7.1), (7.6), (7.7), (7.8), (5.34), (5.35) or (5.39). Namely, the even parts of Gi and Gi+1
share at least one common simple factor or U(1) factor; or at least one simple factor of the
even part of Gi is isomorphic to one simple factor of the even part of Gi+1, even they may
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be in different representations. The Lie algebra of the gauge group is just the even parts of
the superalgebras (G1, · · · , Gn), and the representations are determined by the fermionic
generators. If n is even, then G1 and Gn may also share one common bosonic parts, i.e.
G1 ∼ Gn may form a closed loop [5].
8. Conclusions and Discussion
In this paper, we have identified a special class of 3-algebras called double-symplectic 3-
algebras used to construct the general N = 4 quiver gauge theories, and showed that its
consistent contraction gives a class of 3-algebras called N = 4 three-algebras, which can
be also used to construct the general N = 4 theories.
We then have used two superalgebras whose bosonic parts share at least one simple
factor or U(1) factor to construct the four sets of 3-brackets (1.2) and (1.3) and the four
sets of FIs (2.15) defined on the two sub symplectic 3-algebras in the N = 4 theories. We
have also generalized the construction to the more general N = 4 quiver gauge theories in
which more than two sub 3-algebras are used. We have not only rederived all known N = 4
theories, but also constructed many classes of N = 4 quiver gauge theories (see Sec. 5 and
Sec. 7) with new gauge groups. Especially, if the common parts of the bosonic parts of two
superalgebras are U(1) factors, the resulting N = 4 theories can contain free parameters.
We have constructed two infinite classes of new theories of this kind (see Sec. 5.3 and Sec.
5.4). It would be interesting to see whether or not there are further constraints imposed
on these free parameters if we quantize these theories.
Taking account of the new N = 4 theories, we have been able to achieve a new
classification of all possible N = 4 quiver gauge theories in Sec. 5.4.
Using superalgebras to realize the 3-algegbra, we have showed the general N = 4
theory in terms of the double-symplectic 3-algebra is equivalent to the previous N = 4
theory [5] derived directly from the conventional Lie 2-algebra. Hence the N = 4 theories
with new gauge groups in Sec. 5 derived in the 3-algebra framework can be also understood
as special examples of the general N = 4 HLLLP theories in Ref. [5]. Specifically, in [5],
one can choose either SO(4) ∼= SU(2)× SU(2) or U(N) ∼= SU(N)× U(1) as the common
bosonic algebra of the two superalgebras; our constructions in Sec. 5 show that one can
also choose only SU(2) (the indecomposable part of SO(4)) or U(1) (the indecomposable
part of U(N)) as the common bosonic part of the two superalgebras.
Most of gravity duals of these N = 4 quiver gauge theories have not been constructed
yet. It would be nice to study the quantum properties of these N = 4 quiver gauge theories
and to construct and study the corresponding gravity duals.
Finally, we know that it was demonstrated that generic Chern-Simons gauge theories
with or without (massless) matter are conformally invariant even at the quantum level
[16, 17, 18, 19, 20]. It would be interesting to examine the conformal invariance of these
N = 4 quiver gauge theories at quantum levels.
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A. Conventions and Useful Identities
The conventions and useful identities are adopted from our previous paper [12].
A.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (A.1)
For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α
β = (iσ2, σ1, σ3), satisfying
the important identity
(γµ)α
γ(γν)γ
β = ηµνδα
β + εµνλ(γ
λ)α
β. (A.2)
We also define εµνλ = −εµνλ. So εµνλε
ρνλ = −2δµ
ρ. We raise and lower spinor indices
with an antisymmetric matrix ǫαβ = −ǫ
αβ, with ǫ12 = −1. For example, ψ
α = ǫαβψβ
and γµαβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (l,−σ
3, σ1) are
symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ
αβ , Aµ = −
1
2
γαβµ Aαβ . (A.3)
We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (A.4)
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz
transformation reads
(λχ)ψ = −
1
2
(λψ)χ−
1
2
(λγνψ)γ
νχ. (A.5)
A.2 SU(2) × SU(2) Identities
We define the 4 sigma matrices as
σaA
B˙ = (σ1, σ2, σ3, il), (A.6)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.
These sigma matrices satisfy the following Clifford algebra:
σaA
C˙σb†C˙
B + σbA
C˙σa†C˙
B = 2δabδA
B, (A.7)
σa†A˙
CσbC
B˙ + σb†A˙
CσaC
B˙ = 2δabδA˙
B˙ . (A.8)
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We use anti-symmetric matrices
ǫAB = −ǫ
AB =
(
0 −1
1 0
)
and ǫA˙B˙ = −ǫ
A˙B˙ =
(
0 1
−1 0
)
(A.9)
to raise or lower un-dotted and dotted indices, respectively. For example, σa†A˙B =
ǫA˙B˙σa†B˙
B and σaBA˙ = ǫBCσaC
A˙. The sigma matrix σa satisfies a reality condition
σa†
A˙
B = −ǫBCǫ
A˙B˙
σaC
B˙ , or σa†A˙B = −σaBA˙. (A.10)
The antisymmetric matrix ǫAB satisfies an important identity
ǫABǫ
CD = −(δA
CδB
D − δA
DδB
C), (A.11)
and ǫA˙B˙ satisfies a similar identity.
The parameter for the N = 4 supersymmetry transformations is defined as ǫAB˙ =
ǫaσ
aAB˙ .
B. The Commutation Relations of Superalgebras
B.1 U(M |N)
The commutation relations of U(M |N) are given by
[Mu¯
v¯,Mw¯
t¯] = δw¯
v¯Mu¯
t¯ − δu¯
t¯Mw¯
v¯, [Mi′
j′ ,Mk′
l′ ] = δk′
j′Mi′
l′ − δi′
l′Mk′
j′
[Mu¯
v¯, Qw¯
k′ ] = δw¯
v¯Qu¯
k′ , [Mu¯
v¯, Q¯k′
w¯] = −δu¯
w¯Q¯k′
v¯,
[Mi′
j′, Qw¯
k′ ] = −δi′
k′Qw¯
j′ , [Mi′
j′ , Q¯k′
w¯] = δk′
j′Q¯i′
w¯
{Qu¯
i′ , Q¯j′
v¯} = k(δj′
i′Mu¯
v¯ + δu¯
v¯Mj′
i′), (B.1)
where Qu¯
i′ carries a U(M) fundamental index u¯ = 1, · · · ,M and a U(N) anti-fundamental
index i′ = 1, · · · , N . Here we have
Qa′ =
(
Q¯i′
u¯
−Qu¯
i′
)
= Q¯i′
u¯δ1α −Qu¯
i′δ2α, (B.2)
In the second equation of (B.2), we have introduced a “spin up” spinor χ1α and a “spin
down” spinor χ2α, i.e.,
10
χ1α =
(
1
0
)
= δ1α and χ2α =
(
0
1
)
= δ2α. (B.3)
And the anti-symmetric tensor ωab and its inverse read
ωa′b′ =
(
0 δv¯
u¯δi′
j′
−δv¯ u¯δ
i′
j′ 0
)
, ωb
′c′ =
(
0 −δj
′
k′δ
w¯
v¯
δj′
k′δw¯
v¯ 0
)
. (B.4)
With (B.2) and (B.4), the superalgebra (B.1) takes the form of (4.3) or (4.4).
10Here the index α is not a spacetime spinor index. We hope this will not cause any confusion.
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B.2 OSp(M |2N)
The superalgebra OSp(M |2N) reads
[Mi¯j¯,Mk¯l¯] = δj¯k¯Mi¯l¯ − δ¯ik¯Mj¯l¯ + δ¯il¯Mj¯k¯ − δj¯ l¯Mi¯k¯,
[Miˆjˆ,Mkˆlˆ] = ωjˆkˆMiˆlˆ + ωiˆkˆMjˆ lˆ + ωiˆlˆMjˆkˆ + ωjˆlˆMiˆkˆ,
[Mi¯j¯, Qk¯kˆ] = δj¯k¯Qi¯kˆ − δ¯ik¯Qj¯kˆ,
[Miˆjˆ, Qk¯kˆ] = ωjˆkˆQk¯iˆ + ωiˆkˆQk¯jˆ ,
{Q
i¯ˆi
, Q
j¯jˆ
} = k(ω
iˆjˆ
Mi¯j¯ + δ¯ij¯Miˆjˆ), (B.5)
where i¯ = 1, · · · ,M is an SO(M) fundamental index, and iˆ = 1, · · · , 2N an Sp(2N)
fundamental index. Here we have
Qa = Qi¯ˆi and ωab = ωi¯ˆi,j¯jˆ = δ¯ij¯ωiˆjˆ. (B.6)
Now the superalgebra (B.2) also takes the form of (4.3) or (4.4).
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